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Abstract. This paper proves that the homotopy type of a simply-connected, 
pointed simplicial set is determined by the chain-complex augmented with 
functorial diagonal and higher diagonal maps similar to those used to define 
Steenrod operations. The treatment is entirely self-contained — simplifying, 
extending, and correcting results from the author's monograph "Iterating the 
cobar construction," AMS Memoirs, volume 109. 
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1. Introduction 



The easiest way to convey the flavor of this paper's results is with a simple 
example. Suppose X and Y are pointed, simply-connected, 2-reduced simplicial 
sets. There are many topological invariants associated with the chain-complexes of 
X and Y — including the coproduct and S n -equi variant higher coproducts (used 
to define Steenrod operations): 



RS n ® C(X) 
RS n g) C(Y) 



C(X) n 
C(Y) n 



for all n > 1, where: 

1 . RS n is the bar-resolution of Z over 7LS n . 

2. (*)" denotes the n-fold tensor product over Z (with S n acting by permuting 
factors) . 

Now suppose we know (from a purely algebraic analysis of these chain- complexes) 
that there exists a chain-map inducing homology isomorphisms 



and making 
(1.1) 



f:C(X)^C(Y) 



RS n <g> c{x) ► c{xy 



C{Y) r 



RS n ® C(Y) - 

commute for all n > 1 (requiring exact commutativity is unnecessarily restrictive, 
but we assume it to simplify this discussion). 

Then our theory asserts that X and Y are homotopy equivalent via a geometric 
map inducing a map chain-homotopic to /. In fact, our theory goes further than 
this: if / is any chain-map making LI commute for all n > 1, there exists a map 
of topological realizations 



F: \X\ 



\Y\ 



inducing a map equivalent to / (see theorems 9.5 and 9.7 for the exact statements). 
Essentially, Steenrod operations on the chain-level determine: 

• the homotopy types of spaces and maps, 

• all obstructions to topologically realizing chain-maps. 

I view this work as a generalization of Quillen's characterization of rational homo- 
topy theory in jlTj — he showed that rational homotopy types are determined by a 
commutative coalgebra structures on chain-complexes; we show that integral homo- 
topy types are determined by coalgebra structures augmented by higher diagonals. 
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In § ||, we define operads and m-coalgebras. Operads are templates for "generic" 
algebraic structures — for instance, one can easily define commutative algebras and 
coalgebras, Lie algebras, and so forth, using suitable operads (see (]i"3| ). 

M-coalgebras are coalgebras over certain types of operads — essentially, m- 
coalgebras are chain-complexes equipped with higher diagonals as in the example 
above. The concept of m-coalgebra encapsulates this diagonal and higher diagonal 
data. 



In § 2.3, we define a particular operad, 6, with topological significance in our 
theory. We also define a functor that associates an m-coalgebra (over the 
operad S) to a simply-connected pointed 2-reduced simplicial set. This m-coalgebra 
is nothing but the chain-complex of the space equipped with the natural higher 
diagonal and diagonal maps used in defining cup products and Steenrod operations. 

In § ||, we define a category of m-coalgebras, £o and a localization of it, £ by a 
class of maps called elementary equivalences. This gives rise to a homotopy theory 
of m-coalgebras in terms of which we can state this paper's main result: 

Theorem 9.H and 9.1!\ :The functor 

e(*): Homotop n -> £+ 

defines an equivalence of categories and homotopy theories (in the sense of 
jlGl j, where Homotop Q is the homotopy category of pointed, simply- connected 
CW- complexes and continuous maps and £+ C £ is the subcategory of topologically 
realizable m-coalgebras. In addition, there exists an equivalence of categories and 
homotopy theories 

C(*): 

where & is the homotopy category of finite, pointed, simply- connected simplicial 
sets and # + is the homotopy category of finitely generated, topologically realizable 
m-coalgebras in £o localized with respect to finitely generated equivalences in £o. 

In the spirit of our initial statement, one corollary to this result is 



Corollary 9.2L: Let X and Y be pointed, simply- connected semisimplicial sets 
and let 

f:C(X)^C(Y) 

be a chain-map between canonical chain- complexes. Then f is topologically re- 
alizable if and only if there exists an m-coalgebra C over & and a factorization 

f = fa ° fa 

t''i.V;i— -r=^C'i.V 2 i 

where f a is a morphism of m-coalgebras, i is an elementary equivalence — an 
injection of m-coalgebras with acyclic, Z-free cokernel — and fp is a chain map 
that is a left inverse to l. If X and Y are finite, we may require C to be finitely 



The rest of the paper builds the machinery necessary to prove this result. The 
most important piece is the cobar construction of an m-coalgebra. The cobar con- 
struction was defined by J. F. Adams in [Q and it determines the chain complex of 
the loop space of a space. 
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We show that every m-coalgebra, C, has a well -defined cobar construction, J-C , 
that comes equipped with a well-defined (see 6.16| ) and topologically valid (see 3.5 ) 



m-coalgebra structure. Although this was stated in [g0|, the present treatment uses 
more standard notation (i.e., operads) and simplifies (and, in some cases, corrects) 
the proofs in that paper. 

One of the most interesting aspects of this research is that the cobar construction 
seems to be the key to homotopy theory — understanding it leads quickly to our 
main theorem. 

In § ||, we define ^loo-structures on algebras and coalgebras. Roughly speaking, 
Aoo-structures are algebra (or coalgebra) structures that are homotopy associative. 
All m-coalgebras come equipped with a canonical A^ -coalgebra structure. 

In § ||, we give a slightly nonstandard definition of the bar and cobar constructions 
in terms of iterated algebraic mapping cones. This nonst andar d definition facilitates 



the proof of an important duality theorem (proposition p.32|) . 

In § H we compute our m-coalgebra structure of the cobar construction and the 
canonical acyclic twisted tensor product with fiber equal to the cobar construction. 
In § ||, we prove that these constructs are are topologically valid. 

This paves the way for the main results in § ||. 

It is necessary to compare our results those of Smirnov (in his remarkable paper 
|l8|| ) and several of his other papers. In flTg|| , he showed that the homotopy type of 
a space was determined by its chain-complex augmented with a coalgebra structure 
over an operad E* . Smirnov's structure is more complex than ours: his operad's 
components, E(n), are uncountably generated in all dimensions and for all values 
of n > 1. Smirnov's "higher diagonal" map contains so much data it is almost 
surprising that it only determines a space's homotopy type. 

Although there is no obvious connection between Smirnov's invariant and more 
commonly used homotopy invariants (such as Steenrod operations, coproducts, 
etc.), he develops a connection with Steenrod squares in § 4 of and other 
structures of the Steenrod algebra in |^9|. It would be interesting to elucidate the 
precise relationship between Smirnov's work and ours. 

I feel it is also appropriate to compare and contrast my results with work of 
Michael Mandell. In @, he proved 

Main Theorem. The singular cochain functor with coefficients in 7L p induces 
a contravariant equivalence from the homotopy category of connected nilpotent p- 
complete spaces of finite p-type to a full subcategory of the homotopy category of 
Eoo Z p - algebras. 

Here, p denotes a prime and Z p the algebraic closure of the finite field of p 
elements. i?oo-algebras are defined in Jl3) — they are modules over a suitable 
operad. 

Since Dr. Mandell characterizes nilpotent p-complete spaces in terms of Eoo Z p - 
algebras, his results appear to be dual to mine. This is not the case, however. A 
complete characterization of nilpotent p-complete spaces does not lead to one of 
integral homotopy types: One must somehow know that p-local homotopy equiva- 
lences patch together. Consequently, his results do not imply mine. 

The converse statement is also true: My results do not imply his. 

My results in |2(^] and the present paper imply that all the primes "mix" when one 
studies algebraic properties of homotopy theory (for instance the p-local structure 
of the cobar construction of a space depends on the q- local structure of the space for 
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all primes q >p). This is intuitively clear when considers the composite (1® A)oA 
(iterated coproducts) and notes that Z2 acting on both copies of A give rise to 
elements of the symmetric group on 3 elements. 

Consequently, a characterization of integral homotopy does not lead to a p-local 
homotopy theory: In killing off all primes other than p, one also kills off crucial 
information needed to compute the cobar construction of a space. 

In |Q, Dr. Mandell proved that one must pass to the algebraic closure of Z p to 
get a characterization of p-complete homotopy theory. I conjecture that, in passing 
to the algebraic closure, one kills off additional data within the homotopy type — 
namely the data that depends on larger primes. Consequently, one restores alge- 
braic consistency to the theory, regaining the ability to characterize local homotopy 
types. 

I would like to express my appreciation to Jim Stasheff for acquainting me with 
operads and for his encouragement. Some of the material in this paper grew out of 
a series of six lectures I gave in Jim Stasheff 's Deformation Theory Seminar at the 
University of Pennsylvania. 

I would also like to thank Peter May and Mark Mahowald for their encourage- 
ment. 

I am indebted to Drexel University for funding my attendance at the JAMI con- 
ference at Johns Hopkins University on Recent Developments in Homotopy Theory. 

2. Operads and m-coalgebras 

2.1. Definitions. Many of these definitions appeared in ^o|. Unfortunately, that 
paper used a very nonstandard notation. Since that paper appeared, the author 
has standardized and simplified most of these definitions. See |c] for a comparison 
of the two systems of notation. 

Definition 2.1. Let C and D be two graded Z-modules. A map of graded modules 
/: Cj — > D i+ k will be said to be of degree k. 

Remark 2.2. For instance the differential of a chain-complex will be regarded as a 
degree —1 map. 

We will make extensive use of the Koszul Convention (see [§]) regarding signs in 
homological calculations: 

Definition 2.3. If /: C\ — > D\, g: C'2 — > D% are maps, and a®b £ C\®C2 (where a 
is a homogeneous element), then (f®g)(a®b) is defined to be (— l) dcs ( 9 )' dog ( a )/(a)<g) 
9(b)- 

Remark 2.4. This convention simplifies many of the common expressions that occur 
in homological algebra — in particular it eliminates complicated signs that occur 
in these expressions. For instance the differential, 9®, of the tensor product dc <8> 
1 + 1 <8 d D . 

Throughout this entire paper we will follow the convention that group-elements 
act on the left. Multiplication of elements of symmetric groups will be carried out 
accordingly — i.e. 

/l234\/l234\ 
^2 3 1 4/^ 4 3 2 1 ) ~ 
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result of applying f 2 3 1 4 ) after applying ( 4 3 2 1 
12 3 4 
4 13 2 

Let fi, gi be maps. It isn't hard to verify that the Koszul convention implies 
that (fx ® 9l ) o (/ 2 ® g 2 ) = (_l)dog(/2)-dog( gi )( /l o f 2 g, gi o g2 ). 

We will also follow the convention that, if / is a map between chain-complexes, 
df = do f — (— l) dog ^)/o<9. The compositions of a map with boundary operations 
will be denoted by d o / and / o d — see j8| . This convention clearly implies that 
d(f .9) = (df) og+ (-l) dc e(f)f o (d g )_ We W U1 call any map / with df = a 
chain-map. We will also follow the convention that if C is a chain-complex and 
\:C — > EC and |:C — > E C are, respectively, the suspension and desuspension 
maps, then j and J. are both chain-maps. This implies that the boundary of EC is 
— I o<9c° I and the boundary of E _1 C is — J. o9 c o f. 

Definition 2.5. We will use the symbol T to denote h transposition operator 
for tensor products of chain-complexes T:C <g> D — > D ® C, where T(c ® d) = 
(-l) dim ( c ) tdim ( rf )d<g>c. 

Proposition 2.6. Let C and D be chain- complexes. Then there exist isomor- 
phisms 

Lk =Ic®d °(Tc S~ fc C7 ® D -> ^ k (C ® D) 

sending c®rfG E~ fe C ® £>j to c ® d G E~ fe (C ® D) i+J , r , d e Dj, and 
Mk =Ic®d °(lc8> to): c ® -> E~ fe (C ® D) 



sending c ® d 6 C ® E~ fe ZX, to (~l) lk c ® d G E~ fe (C (8 D)i +3 -, /or c G Cj and 



d G E" fc J D, = L> 



Definition 2.7. Let a,, i — 1, . . . , n be a sequence of nonnegative integers whose 
sum is \a\. Define a set-mapping symmetric groups 

Tai ,...,a Tl ■ S n > (5*1 Q 

as follows: 

1. for i between 1 and n, let Li denote the length-a^ integer sequence: 

2. , where Ai = Y^j=x a o — so ' f° r instance, the concatenation of all of the L, is 
the sequence of integers from 1 to |a|; 

3. T Q , li ... iQ , n (o') is the permutation on the integers 1, . . . , \a\ that permutes the 
blocks {Li} via a. In other words, a s the permutation 

f 1 ... n 
\a(l) ... o-(n) 

then T ai) ,„ )an (o-) is the permutation defined by writing 

f Lx ... L n \ 

V ^t(I) ■ ■ • ^o-(n) / 

and regarding the upper and lower rows as sequences length |a|. 
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Remark 2.8. Do not confuse the T-maps defined here with the transposition map 
for tensor products of chain-complexes. We will use the special notation Ti to rep- 
resent Ti,,,^2,...,i, where the 2 occurs in the i th position. The two notations don't 
conflict since the old notation is never used in the case when n = 1. Here is an exam- 
ple of the computation of T 2j i i3 ((1, 3, 2)) = T 2 ,i, 3 ^ g \ \ ^ :L X = {1}2, L 2 = 

{3}, L 3 = {4,5,6}. The permutation maps the ordered set {1,2,3} to {3,1,2}, 
so we carry out the corresponding mapping of the sequences {Li, L 2 , L 3 } to get 
L\ L 2 L 3 \ / {1,2} {3} {4,5,6} \ ( 1 2 3 4 5 6 
L 3 L x L 2 J " ^ {4,5,6} {1,2} {3} J \ 4 5 6 1 2 3 
(or ((1, 4)(2, 5)(3, 6)), in cycle notation). 



Definition 2.9. A sequence of differential graded Z-free modules, {Ui}, will be 
said to form an operad if they satisfy the following conditions: 

1. there exists a unit map (defined by the commutative diagrams below) 

77: Z — > Hi 

2. for all i > l,Ui is equipped with a left action of Si, the symmetric group. 

3. for all k > 1, and i s > there are maps 

7: Uix ® ■■ ®lt fc 

where z = X^=i 

The 7-maps must satisfy the following conditions: 

Associativity: the following diagrams commute, where ^2jt — j, X)*s = h 



and g Q = X)°=i J< and h s = J2 



(®i=iUi.)®(® t fc =1 U jt )®U fc - 



Id®7 



shuffle 



((0 J ; = i u ist _ l+<! ) ® ®ti ® u fc (8t7)8ld > (<gti ^) ® w fc 

Units: the following diagrams commute: 

Z fc ® IXfc — — ► IXfe life ® Z — — ► u fe 




Id®r; 




Equivariance: the following diagrams commute: 



It,-, (g) Ufc 



U Jct(1) <g> • • • <g> U Uk) <g> IXfc 
7 
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where a £ S k , and the a 1 on the left permutes the factors {Uj^ and the a 
on the right simply acts on Ufc. See 2.7 for a definition of r ^j 1 . i ....j k (<^)- 



Ho, <8> ■ 



Tl®---r fc ®Id 



'•Ml) 



where t s £ Sj 3 and t% 



» U i(rW <8> Ufc 



Tfc 6 Sj is the block sum. 



Remark 2.10. The alert reader will notice a discrepancy between our definition of 
operad and that in |l3) (on which it was based). The difference is due to our 
using operads as parameters for systems of maps, rather than n-ary operations. 
We, consequently, compose elements of an operad as one composes maps, i.e. the 
second operand is to the left of the first. This is also why the symmetric groups 
act on the left rather than on the right. 

We will frequently want to think of operads in other terms: 

Definition 2.11. Let IX be an operad, as defined above. Given k\>k2> 0, define 
the i th composition 



o t : Ufc 2 ® life! — * Ufc 1+ fc 2 

as the composite 

(2.1) Z <g> • • • ® Z <g) tlfc 2 <g> Z <g> • • • ® Z (g)tl fcl 

i th factor 

-> Hi ® • • • ® U-i <g> U k2 ® Hi <& • • • O ICi ^Ufc! -> Ufc 1+ fc 2 -i 

i th factor 

where the final map on the right is 7. 

These compositions satisfy the following conditions, for all a € U„, b S U m , and 

c e U t : 

Associativity: (a Oj b) Oj c = a o i+ j_i (b oj c) 
Commutativity: a Oj +m _i (b Oj c) — (— l) mn b Oj [a Oj c) 
Equivariance: a { a 'fy = Ti,... !T1 ,i(c) ■ (a °i fo) 



Remark 2.12. In fl20j, I originally defined operads (or formal coalgebras) in terms 
of these compositions. It turned out that I'd recapitulated the historical sequence 
of events: operads were originally defined this way and called composition algebras. 
I am indebted to Jim Stasheff for pointing this out to me. 



Given this definition of operad, we recover the 7 map in |2,9| by setting: 

7(u it ® • • • <8> u ik ) =u il o 1 ■■ ■ o fc _ 1 u ik o k u k 

(where the implied parentheses associate to the right). It is left to the reader to 
verify that the two definitions are equivalent (the commutativity condition, here, 
is a special case of the equivariance condition) . 

Morphisms of operads are defined in the obvious way: 
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Definition 2.13. Given two operads U and V, a morphism 
is a sequence of chain-maps 



operations in 2.11 



commuting with all the diagrams in 2.9 or (equivalently) preserving the composition 



Now we give some examples: 
Definition 2.14. The operad 6o is defined via 

1. Its n th component is ZS n — a chain-complex concentrated in dimension 0. 

2. The composition operations are defined by 

Remark 2.15. This was denoted ^# in Jl3| | . 

Verification that this satisfies the required identities is left to the reader as an 
exercise. 

Definition 2.16. Let S denote the -Eoo-operad with components 

R5„ 

— the bar resolutions of Z over Z,S n for all n > 0. This is a particularly important 



operad and § 2.3 is devoted to it. 



Remark 2.17. This is the result of applying the "unreduced bar construction" to 
the previous example. 

Definition 2.18. Coassoc is an operad defined to have one basis element {bi} for 
all integers i > 0. Here the rank of bi is i and the degree is and the these elements 
satisfy the composition-law: bi o a bj = bi+j-\ regardless of the value of a, which 
can run from 1 to j. The differential of this operad is identically zero. 

Now we define two important operads associated to any Z-module. 

Definition 2.19. Let C be a DGA-module with augmentation e: C — > Z, and 
with the property that Co = Z. Then the Coendomorphism operad, CoEnd(C), is 
defined to be the operad with: 

1. component of ranki = Homz (C,C l ), with the differential induced by that 
of C and C % . The dimension of an element of Homz (C,C l ) (for some i) is 
defined to be its degree as a map. 

2. The Z-summand is generated by one element, e, of rank 0. 

Suppose D C C is a direct summand. We define, CoEnd(Z), C), the 
co-endomorphism operad of C relative to D to be the sub-operad of CoEnd(C) 
generated by elements of Homz(C, C l ) that send D C C to D l C C\ 

Remark 2.20. Both operads are unitary — their common identity element is the 
identity map id S Honrz(C, C). One motivation for operads is that they model the 
iterated coproducts that occur in CoEnd(*). We will use operads as an algebraic 
framework for defining other constructs that have topological applications. 
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In like fashion, we define the endomorphism operad: 

Definition 2.21. If C is a DGA-module, the endomorphism operad, End(C) is 
defined to have components 

Hom z (C",C) 

and compositions that coincide with endomorphism compositions. If a n : S n — > 
Aut(C) defines a group-action for all n > 0, we define: 

1. the right crossed endomorphism operad End/ 0n \(C) to have components 
Homz(C™, C), as before, and a ZS^-action that simultaneously permutes the 
factors of C n in Homz(C", C) and acts on the right hand argument via {a n }. 

2. The left crossed endomorphism operad | a?i }End(C) to have components 
Homz (C n ,C) and ZSn-action that simultaneously permutes the factors of 
C n in Homz(C™, C) and acts on each factor via {a n }- 

There is an interesting duality between the endomorphism and co-endomorphism 
operads: 

Theorem 2.22. (Duality Theorem) Let C be a chain complex and let A be a ring 
equipped with an S n -action a n : S n — > Aut(A) for all n > with the property that 
the following diagram and commutes for all n > and a £ S n . 

A n A n 
A—->A 

On(o-) 

where A n is the n-fold Z-tensor product of copies of A and /i™ -1 is the iterated 
product of A. There exists a morphism of operads (called the cup product morph- 
ism): 

CoEnd(C) -» End {<} (Hom z (C, A)) 
where a' n = Homz(l, a n ). 

Remark 2.23. This morphism is injective if the ring A has no 0-divisors. 

If A is a DGA-algebra, Homz(C, A) must be the hypercohomology chain complex. 

If A is commutative, the ^-action on A is trivial and End{ aii }(Homz(C, A)) 
becomes the ordinary (non-twisted) endomorphism operad. 

Proof. Given any morphism z: C — > C™ we construct a morphism 
z'\ Homz(C, A) n -> Homz(C, A) as follows: 
For all n > 1, define a map 

H n . Homz(C, A) ® • • • ® Homz(C, A) -» Homz(C™, A n ) 

" v ' 

n factors 

in the obvious way: send f\ ® • • • ® /„ with /, £ Homz(C, A) to the morphism 
C n -> A n that sends c\ ® ■ ■ ■ ® c„ to /i(ci) ® • • • ® /„(c„) e A™. Now define 

10 
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z': Hom z (C, A) n — > Hom z (C, A) to be the composite 

Hom z (C, A) n 

I 
I 

Hom z (C™, A n ) 

Hom z (l c n 
1 

Hom z (C",A)) 

Homi|z,U) 

Hom z (C, A) 

where ju™ -1 :^™ — > v4 is the product operation of A. This map is easily see to 
preserve the SVaction. 

We must now verify that this preserves compositions. Let Z\\C —> C n and 
Z2-C — > C™ and consider the z th composition z\ o t z^'-C — > C n+m_1 : 

\n+m — 1 



Hom z (C, A)" 
Hom z (C"+ m - 1 , A n+m ~ 1 ) 



Hom l (l c „ +ra _ 1 , fI "+ m - 2 ) 

Hom z (C n+m - 1 , A)) 

Homz(ziOiZ2.U) 

Hom z (C, A) 

We begin by decomposing some maps (using the associativity of y) to get 

Hom z (C, 

4- 

Hom z (C"+ m - 1 , A n+m - 1 ) 

Hom z (l c „ + „ l _i4®---®A' m ~ 1 «>---(»l) 

Hom z (C n+m - 1 ,A n ) 
I 

Hom z (l C n + m-i ) 

Hom z ((7 n + m - 1 j A) ) 

Hom z (l(g)---iz2«i---l,lA) 

Hom z (C7",A)) 

Hom z Ui.Ia) 



Hom z (C, A) 
11 
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Now we permute two maps to get 

Hom z (C*, A) n+m - 1 

4- 

Hom z (C n+m - 1 ,/l n + m - 1 ) 
I 

Hom z (l cn+m _i,l®-^ m 1 ®---(g>l) 

X- 

Hom z (C" +m - 1 ,A") 

Hom z (l®---iz 2 (»---l,lA) 

Hom z (C",A n ) 

Hom z (l c „ + m -i 

Hom z (C",A)) 

Hom z (zi.ljt) 
I 

Hom z (C7, A) 

The conclusion follows by permuting the second and third map from the top with 

H n + m -i- n 

Now we consider a special class of operads that play a crucial role in the sequel: 

Definition 2.24. An operad IX = {U n } will be called an iJoo-operad if lt„ is a 
ZSVj-free resolution of Z for all n > 0. 

Remark 2.25. In |OL Kriz and May define an -operad as a non-S analogue of 
an -Eoo-operad. We do not do this here since we will be especially concerned with 
a particular Aoo-operad, defined in § ||. 

Proposition 2.26. Every morphism of Eoa-operads 

m: 9ti -> $K 2 

induces homology isomorphisms in all dimensions and for all components. 

Proof. This is due to and the requirement that every morphism preserve the 
unit map. □ 

Corollary 2.27. Every diagram of E^-operads 

9 
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can be completed to a pullback 



■9li 



m 2 <-■ 



Proof. Here 5H_d is the standard graded module-pullback ker(/— g): 9^s©fHc - * SHa- 
It is clear that this kernel is an operad, and a glance at the exact sequence in 
homology induced by f—g (and the fact tha t g an d / induce homology isomorphisms 
in all dimensions and for all degrees — see 2.26 ) shows that it is also Eoo. □ 



Given these definitions, we can define: 

Definition 2.28. Let It be an operad and let C be a DG-module equipped with a 
morphism (of operads) 

f:U -> CoEnd(C) 

Then C is called a coalgebra over It with structure map /. If C is equipped with a 
morphism of operads 

/: U -> End(C) 
then C is called a algebra over 11 with structure map /. 

Remark 2.29. A coalgebra, C, over an operad, It, is a sequence of maps 

f n :U<E>C^C n 

for all n > 0, where /„ is ZS^-equivariant. These maps are related in the sense 
that they fit into commutative diagrams: 

U„ <g> U m <g> C ^^^=^^^= U n (g> lt r . 



C*- 1 ® Un C (8) C" 



c 



for all n, m > 1 and 1 < i < m. Here V: U„ ® C m -> C 1 " 1 ® lt„ <g> C ® C" 1 " 4 is the 
map that shuffles the factor lt„ to the right of i — 1 factors of C. In other words: 
The abstract composition-operations in U exactly correspond to compositions of 
maps in {Homz(C, C n )}. We exploit this behavior in applications of coalgebras 
over operads, using an explicit knowledge of the algebraic structure of It. 

Note that a morphism /:!!—> CoEnd(D,C), where CoEnd(Z?, C) is defined in 



2.19 corresponds to structures of coalgebras with sub- coalgebras. 



In very simple cases, one can explicitly describe the maps defining a coalgebra 
over an operad: 



Defin itio n 2.30. Define the coalgebra, I — the unit interval — over S (see [2.16 
and § 2J5) via: 
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1. Its Z-generators are {po,pi} in dimension and q in dimension 1, and its 
adjoint structure map is r n : HS n §5 I — ► I n , for all n > 1. 

2. The coproduct is given by r 2 ([] (8 Pi) = Pi ® Pi, i = 0,1, and r 2 ([] ® q) = 
Po® q + q®Pi- 

3. The higher coproducts are given by r 2 ([(l, 2)] ®g = q®q, ^([(l, 2)] ®Pi) = 0, 
i = 0, 1 and r2(a <g> 7) = 0, where a £ RS*2 has dimension > 1. 

Remark 2.31. This, coupled with the operad-identities in 6 suffice to define the 
coalgebra structure of I in all dimensions and for all degrees. 

Proposition 2.32. Coassociative coalgebras are precisely the coalgebras over 
Coassoc. 

Remark 2.33. There are some subtleties to this definition, however. It is valid if 
we regard Coassoc as a non-S operad. If we regard it as an operad with trivial 
symmetric group action, then we have defined coassociative, cocommutative coal- 
gebras. 

We have two complementary results: 

Proposition 2.34. Every chain complex is trivially a coalgebra over its own coen- 
domorphism operad. 

Although the following result is elementary, it must be stated. It implies that 
we can form quotients of coalgebras over operads: 

Proposition 2.35. Suppose f:D — > C is a split injection o f cha in- complexes, and 
let CoEnd(D, C) be the relative co-endomorphism operad (see \2.1!\ ). Then f induces 
a morphism 

CoEnd(L>, C) -> CoEnd(C*/L>) 

of operads. 

Remark 2.36. It is interesting that the corresponding statement for End(C) (or a 
relative analogue thereof) is not true: it is easier to take quotients of coalgebras 
than of algebras. The operad End(C) defines algebras that have a multiplication 
rather than a comultiplication. And taking quotients of rings by subrings requires 
the subring to be an ideal. 

Proof. Suppose h £ CoEnd(£), C) is some element. Then we have a commutative 
diagram 



D — — 

h\D 
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which we can expand to a diagram 



(C/D) n 



C/D C n /D r - 




h\D 



which gives us an element of CoEnd(C/£>). To conclude that this defines a morph- 
ism of operads, we must show that it respects compositions (as in 2.11), or that the 
kernel of the map CoEnd(_D. C) — > CoEnd(C/£>) (of graded Z-modules is an ideal 
with respect to all compositions. 

Suppose h £ CoEnd(D,C) maps to in CoEnd(C/Z3). Then the image of h 
(in C n ) must have at least one factor that is in D — say the i . If we form a 
composition with h on another factor — i.e., take Oj with j ^ i — then this factor 
of D is unchanged and appears in the composition. Consequently, the composition 
has a factor of D and maps to in CoEnd(C/Z3). On the other hand, if we 
formed the composition Oj the result will have many factors of D because the 
co-endomorphisms in CoEnd(_D, C) preserve D. □ 

We can define tensor products of operads: 

Definition 2.37. Let Hi and IC2 be operads. Then Hi ® II2 is defined to have: 

1. component of rank z = (Ui), <g> (1X2)1, where (Ui)j and (1X2)1 are, respectively, 
the components of ranki of IXi and U2; 

2. composition operations defined via (a (g> b) Oi (c ® d) = (— l) dlm ( b ) dlm ( c ) ( a Qi 
c) ® (b Oi d), for a, c £ IX 1 and 6, d £ IX2 ■ 

We conclude this section with 

Definition 2.38. An operad, $H, will be called an operad-coalgebra if there exists 
a co-associative morphism of operads 



Remark 2.39. Operad-coalgebras are important in certain homotopy-theoretic con- 
texts — for instance in the study of the bar and cobar constructions. The § 2.3 
defines a particularly important operad of this type. 

2.2. Free algebras and coalgebras over an operad. The canonical examples 
of operads are End(C) and CoEnd(C) for some module C. In this section, we 
will show that these examples are fundamental in the sense that a large number of 
operads can be represented as suboperads of these examples. 

We begin by considering an alternate way to define algebras and coalgebras over 
an operad. 
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Definition 2.40. Let Sf be a category. A monad in Sf is a functor C:^ — > 
together with natural transformations /x: CC — ► C and 77: Id — > C such that the 
following diagrams commute: 

r,C Cr) , Cm 

C— ^CC^— C and CCC — ^ CC 

C CC — - — >c 

A C-algebra is an object i £ ^ together with a map £: CA — > A such that the 
following diagrams commute 

A — ^CA and CCA—^CA 
CA — — >A 

Remark 2.41. Monads are the category-theoretic exegesis of the notion of "system 
with composition-operation." 

Note that, for any object Ae^, CA is an algebra over C. This prompts the 
definition: 

Definition 2.42. Let A £ Sf be any object and let C:Sf — > Sf be a monad. Then 
the /ree C-algebra generated by A is defined to be CA. 

The use of the term free is justified by the following result, which implies that 
any morphism from A to a C-algebra B has a unique extension to CA: 

Proposition 2.43. Let CA be the free algebra over the monad C and let C[Sf] be 
the category of C -algebras. Then there exists an isomorphism 

homfa, 1): C[9](CA, B) -» &(A, B) 

Proof. Its inverse sends a morphism /: A — > £> to £ o C/: CA — ► B. □ 

In like fashion, we define comonads and coalgebras over them: 

Definition 2.44. Let be a category. A comonad in is a functor £):Sf — > Sf 
together with natural transformations — > and e:D — > Id such that the 
following diagrams commute: 

D^-DD-^tD and DDD DD 

s 

D DD < — : D 



A D-coalgebra is an object A £ ( S together with a map 6: A — > ZM such that 
the following diagrams commute 

A < DA and DDA < DA 

e 

A DA < — - — A 
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Given any object I G^, and a comonad over Sf, call DX the free D-coalgebra 
generated by X. 

As before, we have 

Proposition 2.45. Let DX be the free coalgebra over the monad D and let D[W] 
be the category of D-coalgebras. Then there exists an isomorphism 

hom(e,l):Sf(A-B) D[&](DA,B) 
Proof. Its inverse sends a morphism /: DA — > B to / o 9: A — > B. □ 

The relation between operads and monads (and comonads) is expressed by: 

Definition 2.46. Let IX be an operad. If Sf is the category of DGA-modules over 
Z, then the monad defined by 11 is given by 

CA = 0U„ ® zs „ A" 

n>0 

and the comonad defined by IX is given by 

£A = 0Hom zs „(ll„,A") 

n>0 

where S n acts on the n-fold tensor product X n by permutation of factors. 

Remark 2.47. It is well-known that the operad identities in ^9| translate into a 
proof that C and D are monads and comonads, respectively. See [[l3). It is also 
well-known that algebras over C are the same as algebras over IX and coalgebras 
over D are the same as coalgebras over IX. For instance, a coalgebra, X, over D 
comes equipped with a map 

X — > DX 

or 

A^0Hom z5 „(lt„,A") 

n>0 

which is equivalent to a sequence of S^-equivariant maps 

U n ® X -> X n 

defining the adjoint of the structure map of a coalgebra over U. A corresponding 
statement holds for algebras over a C. 

By abuse of notation, we will identify free algebras over C with free algebras 
over IX and free coalgebras over D with free coalgebras over IX. 

Note that free coalgebras over comonads (or operads) have an infinite number of 
chain-modules in negative dimensions — and there is nontrivial homology involved. 
This implies that they are never m-coalgebras. 

We will show that many operads possess faithful representations in the sense 
that they map injectively into End(C) and CoEnd(C') for suitable C and C . To 
that end, we prove: 
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Lemma 2.48. Let 91 = {SHi} be an operad such that V\i is ZSi-free for all i and 
let Ri — y\i ®zSi Z for all i. Then there exists a surjection 

and a map 7': Rj 1 ®- ■ -®Rj k — ► Rj that makes the following diagram commute: 



fR h ® • • • (8 m jk ® JHfc ■ 
R h <8> • • • <8 fly, ® % 



where j — 5Zi=iJi- ^ n addition, the following diagram commutes: 



R i 



R ik ® « fe ■ 



(T (X)(7 



1? 



I? 



'£Rk 



Proof. The map /i fits into an exact sequence 



IS i{ ® R4 



Rj 







where ISj i = ker( Z5 7 - < — > Z). The first equi variance condition in the definition of 
an operad (see |2^9|) implies that ISj t •Jftj, maps into ij i (IDj i ) -9tj, where tj ( : ZS^ — > 
Z5j is induced by the composite 



Sji 



Si 



Si 



It follows that Lj i {IDji ) £ -^j so that the image of the kernel of fj ( lies in the 
kernel of fj and the 7' is well-defined. The remaining statement follows from the 
first equivariance condition in 2.£. □ 



Proposition 2.49. Let SK = be an operad such that SH, is ZSi-free for all i 

and let C be the free algebra over !tK on one generator in dimension 0. Then the 
structure map 

f; *R -» End(C) 

is injective. 



Proof. By definition 2.42 our free algebra is given by 

00 

<7 = ©5Kj ®zs,Z 



i=i 



Lemma 2.48 implies the existence of chain maps 

Rd!® ' • ■ ® Rd n ^>&n® Rdi ® • ■ • ® Rd n -> Rd 1 + -+d n 

for all n > and n-tuples {di, . . . , d„} of positive integers. The map on the left is 
just transposition of the factors. This induces a morphism of DGA-modules 

/„:9t„ -> Hom z (i? dl <8> • • • ® R dn , R dl+ ... +d J 

The associativity conditions imp ly that compositions are preserved by /, and the 
second statement of Lemma 2.48 implies that / is Z5 n -linear, where S n acts on the 
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right by permuting factors of (g> • • • <8 Rd n ■ The injectivity of / follows from the 
fact that one of the targets of any 9\ n is Homz(i?„ g) R± ® • • • <gi Ri,R n ), with a 
Z,S n -basis of elements of £K„ mapping to their image in i?„ . □ 

Proposition 2.50. Let £K = {9l ra } foe an operad such that 9\ n is ZS n -free for all 
n, and let C be the free coalgebra over D\ on one generator in dimension 0. Then 
the structure map 

c: -» CoEnd(C, C") 

is injective 



Remark 2.51. This result and |2.4g| show that endomorphism and coendomorphism 
operads are, in some sense, canonical examples: every operad is a sub-operad of one 
of them. We will use this result several times in the sequel to show that "universal 
equations" in coa lgebr as over operads imply equations in the operads themselves. 



See, for instance, 5.27 



Since this coalgebra is concentrated in non-positive dimensions, it is not an m- 
coalgebra. It will suffice for our applications, however. 

Proof. In this case, we set 

oo oo 

Z = Uom z (9\ n ® ZSn Z, Z) = Hom zs „ Z) 

n— 1 n— 1 



As be fore, we make crucial use of lemma 2.48| . We must proceed mor e delicately 



than in 2.4S , though. We will use the approach to operads in |2.11 and define 



composition operations. A composition 

Rk °i JHfe — > Ri+k-i 
(where Ri = 9\i ®zSi Z) implies the existence of a chain-map 

o' 2 :m k -» Romz{R i ,R l +k-i) 

— this is just the transposition and adjoint. Dualizing gives rise to a map 

o'l-.Vlk -» Hom z (Hom z (i? J+fc _ 1 ,Z),Hom z (^,Z)) 

and it is important to realize that this represents k distinct maps (corresponding 
to the different composition operations we may perform). Hence the real target of 
Hom z (i? l+fc _i,Z) is 

(Z©Hom z (i?j,Z)) fc C (Hom z (i?i,Z) ©Hom z (i? i ,Z)) fc C C k 

— in fact it is 

k k 
Hom z (i? J; Z) = Z <g> • ■ • ® Hom z (i? j , Z) ® • • • ® Z 

a=l a=l V v ' 

itj in position a 

Injectivity of the structure-map follows from its sending 9\k to (among other things 
Hom z (Hom z (R k ,Z), 

Hom z (Rk , Z) <g> Homz (-Ri , Z) ® • • • <g> Hom z , Z) ) ) 

□ 
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2.3. The operad 6. We will study the symmetric construct, mentioned in [2.16| . 
It is the result of applying the unreduced bar construction to the (somewhat trivial) 



operad &o defined in |2.14j . Since its components are unreduced bar constructions 
(or bar resolutions of Z over Z5„, we can exploit the Cartan Theory of constructions 
in ||. The basic idea of the Cartan Theory of Constructions is the following: 

Lemma 2.52. Let Mi, i = 1,2 be DGA-modules, where: 

1. M\ — Ai (gi Ni, where Ni is Z-free and A\ is a DGA-algebra (so M\, merely 
regarded as a DGA-algebra, is free on a basis equal to a TL-basis of N\) 

2. Mi is a left DGA-module over a DGA-algebra Ai, possessing 

(a) a sub-DG-module, N2 C M2, such that &m 2 W2 is injective, 

(b) a contracting chain-homotopy <p: M2 — * M2 whose image lies in N2 C M2. 
Suppose we are given a chain-map fa: Mi — > M2 in dimension with fo(Ni) C JV 2 
and want to extend it to a chain-map from Mi to M2, subject to the conditions: 

• f(Ni) C N 2 

• /(a & n) = g(a) ■ f(n), where g: A± — > A2 is some morphism of DG-modules 
such that a ® nn g(a) ■ f(n) is a chain-map. 

Then the extension f: Mi — > M2 exists and is unique. 

Remark 2.53. In applications of this result, the morphism g will often be a morph- 
ism of DGA-algebras, but this is not necessary. 

The existence of / immediately follows from basic homological algebra; the inter- 
esting aspect of it is its uniqueness (not merely uniqueness up to a chain-homotopy). 
We will use it repeatedly to prove associativity conditions by showing that two ap- 
parently different maps satisfying the hypotheses must be identical. 

This elementary but powerful result was due to Henri Cartan and formed the 
cornerstone of his theory of Eilenberg-MacLane spaces. 

Proof. This result is due to Cartan. The uniqueness of / follows by induction and: 

1. / is determined by its values on N\ 

2. the image of the contracting chain-homotopy, if, lies in N2 C M2. 

3. the boundary map of M2 is injective on N2 (which implies that there is a 
unique lift of / into the next higher dimension) . 

□ 

This will turn out to be an -Eoo-operad such that any simplicial set's chain-complex 



is a natural m-coalgebra over it (see 3.1). This will form the basis of our topological 
results. 



We define the operad structure of & in terms of compositions, as in 2.11 using 



2.52. Recall that the {R^n} are simplicial sets for all n > with face and degeneracy 



operations given by: 

!<zi[a 2 |...|a m ] if i = 

[ai I . . . \a,i ■ a i+ i I . . . \a m ] if < i < m 

[ai\...\a m _i] iii = m 

and, as usual, the differential is defined as an alternating sum of these 
face-operations. 

It also has a well-known co-associative coalgebra structure 
given by A R (a) = Y,7=o^' l ( a ) ® F cT l ( a ), where F is the last face 
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operator. With the face operations given above, this amounts to 
A R : [ai| . . . \a n ] = X)"=o[ a il ■ ■ ■ l a «] ® a i'- -UiWi+A ■ ■ ■ \o-n\- In addition, 

1. RS n = %S n (g> A(S n , 1), as ZS^-modules, where A(S n , 1), in dimension k, is 
the submodule generated by elements of the form l[ai| . . . a^]. 

2. There exists a contracting cochain, ip:RS n — > ~RS n , is given in dimension k 
by 

(2.3) ip(a[ ai \...\a k ]) = l[o|a x | . . . \a k ] € A(Si, l) k +i 

(2.4) ¥ >(l[o 1 |...|o fc ]) = 

Clearly, the twisted differential (the alternating sum of face-operators in ^ ) is 
injective on 1® A{S n , 1) C RS n — in fact, it defines an isomorphism A(S n , l)k — 
(R5„)fe_i. 

Now we define the compositions TLS n o t RS m — ► KS n + m -x, requiring them to 
satisfy the condition that 

(2.5) (1 ® A(S n , 1)) o, (1 ® A(S m , 1)) C 1 <8> A(S n+m _i, 1) 

We set Mi = R5„ ® RS m , M 2 = RS^+m-i, iV 2 = A(S n+m -i, 1). At this point, 
a slight problem arises. We would like to regard Mi as a free ZS n <g> ZS m -module, 
but it is equal to ZS n ®A(S n , \)®'LS m ®A(S m , 1). We can simply rearrange factors 
and redefine the differential. 

Corollary 2.54. There exists a unique composition operation 

HSn °i RSVn — > R5 n + m-i satisfying the equivariance conditions in 2.l\ and the 



condition in equation 2.5. In addition, these {o{\ satisfy the associativity and 



commutativity conditions. 

Remark 2.55. This is a unitary operad. Its identity element is the generator 
[] £ {9tn(l)}o- Note that an element [g\\ . . . \g k ] is not determined in 6 by the 
symmetric-group elements g±,...,g k — one must also specify which summand, 
RS n , the element resides in. We therefore distinguish between the S n and their 
isomorphic images in Sn, where N > n. 



Proof. Existence and uniqueness follow from 2.52 , setting A\ = l*S n (g> 7LS m and 
N\ = A(S n , 1) ® A(S m , 1) and the fact that, in dimension Ni = N 2 = [] ® [] = Z, 
so any chain maps between them that commute with augmentation must be equal. 
In dimension 



for all i. In higher dimensions, set 

a Oj b = (p(da Oj b + (—l) k a Oj db) 

for a S 1 ® A(S n , b £ 1 <g) A(S m l) and for all i. The boundaries of a and b can 
be arbitrary elements of RiS*™ and RS rn , respectively (one dimension lower) , so we 
must compute the composition of the boundaries via the formulas: 

a °a(i) vb = Ti,. .,1(0-) • (a o 4 b) 

and 



to, o % b = 1 e • • ■ © t © • ■ • © i(a Oj 6) 



i th position 
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given by the equivariance conditions in 2,11 



Associativity and commutativity follow from the same construction carried out 
withMi = RS n <E> RS m ® RS t and M 2 = RS n+m+t ~2- In this case, we compare the 



maps 



and 



f x = (* Oj *) cy *: RS n ® RS 1 ™ ® R5 f — > RS , n+m+t _ 2 



/a = * (* °j *): R5*n ® R5* m R5 t -> RS n+m+t _ 2 

Both compositions agree in dimension and 

fi(l ® A(S n l) ® 1 <g> A(S m , 1)01® A(5 t , 1)) C 1 o A(S n+m - 2 , 1) 

Furthermore, the equations for extending the fi from l®A(S n l)®l®A(S m , l)<g)l(g> 
A(5t, 1) to all of Mi mus t agr ee, since they are given by the composition operations 



on the operad So — see |2.l4 Consequently, f\ = / 2 in all dimensions. 

A similar argument (with only one factor, obviously) implies that © preserves 
coproducts. See |2(| for an explicit formula for the composition operations of S. 
The compositions given in that paper must agree with the ones proved to exist in 



2,54, because they satisfy the defining conditions and because such compositions 



are unique. □ 

I originally computed these compositions these — as chain-maps RS n O RS m — > 
RS n+m _i satisfying the equivariance conditions. In fact, I first defined A(S n , [] 
and [] Oj A(S m , 1) and had to find a way to combine them together, so I derived the 
twisted shuffle operation (using the Cartan Theory of Constructions) and multiplied 
them. I was reassured of the correctness of doing so by the fact that the twisted 
shuffle product is the unique one (satisfying natural conditions). Then I proved 
associativity and commutativity by strenuous brute-force computations (unaware 
that I could have used the Cartan Theory throughout). 

Theorem 2.56. Equipped with the composition operations defined above, 6 is an 
Eoo-operad-coalgebra with coproduct 

A: 6 -> 6 (8) 6 



Proof. We have already proved that 6 is an operad — see |2,54 To see that the 
coproduct is an operad morphism, observe that the composition operations of S 
are coalgebra morphisms. This follows from the Cartan Theory of Constructions 
once again, observing that the A can be defined by this theory — as the unique 
map 

A: RS*„ -> RS n ® RS n 

with the properties: 

1. A(1®[]) = 1<»[]<8>1<8[] 

2. A(l ® A{S n , 1))C18 A(S n ., 1) ® RS„ = N 2 

3. A is a morphism of ZS'n-modules (where RS n <£> RS n is equipped with the 
diagonal 5 n -action). 

4. A(l ®A) = ((p<g>l + e<8> (p)(A8A), where A e A(S n , 1), (p is the contracting 
cochain in |2.4| , and e: RS n — > Z is the augmentation (so (p ® 1 + e (8 <p is a 
contracting cochain of RS n <8> RS n ). 
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Having done this, we would only need observe that composing A with the {o { } 
preserves these defining conditions. 

□ 

We conclude this section with an application of the operad 6: 

Theorem 2.57. There exists a functor 

6: SS — > m — Coalgebras over 6 

such that the underlying chain-complex of G(X) is the simplicial chain- complex, 
where SS is the category of pointed, simply- connected, 2-reduced simplicial sets . 

Proof. For all k, let s k denote the standard fc-simplex, whose vertices are 
{[0], . . . , [k]} and whose j-faces are {[io, . . . , ij]}, with i\ < • ■ ■ < ij, j < k. We 
define C to be a free functor on models that are simplices and use the Cartan 
Theory of Constructions to define maps: 

f n :RS n ®C(s k ) -,C{s k ) n 

where s k is a fc-simplex with chain complex C(s fe ), and S n acts on C(s k ) n by 
permuting factors. These maps must make the following diagram commute: 

RS n <g> R5 m ® C = RS n <g> RS m ® C 

RS n <g> C m RS* n+m -i eg) C 



V,- 



f, 



1 <S> — <S> J-n <S> — <S> 1 

and for all n,m > 1 and 1 < i < m, where C = C(s k ) and V: RS n ® C m —> 
C 1 " 1 (8) R5„ <8> C® C m_l is the map that shuffles the factor RS n to the right of i - 1 
factors of C. We define a contracting cochain on C via 

J {-Iflh, . . . ,i u k] \iit + k 

where [ii,...,it], ii < «2 < ■■■ < fc, denotes at— 1-dimensional face of s = 
[0, . . . , k]. We can define a corresponding contracting homotopy on C™ via $ = 

S<8>l®---®l + e®s®---<8)H h e <8> ■■■<&> e <8> s, where 

f [fc] if [»!,...,**] - [k] 
c U*i. j o otherwise 

Above dimension 0, $ is effectively equal to 5 <8> 1 <8> ■ ■ ■ ® 1. Now set M2 = C n and 
A^2 = im(<j>). In dimension 0, we define /„ for all n via: 



f n {A® [0]) = 



f [0] (g) ■ ■ ■ ® [0] if A = 



if dim A > 



This clearly makes C(s ) a coalgebra over S. 

Suppose that the /„ are defined below dimension k. Then, by acyclic models, 
C(ds k ) is well-defined and satisfies the conclusions of this theorem. We define 
f n (a[ai I . . . \a,j] ® [0, . . . , k]) by induction on j, requiring that the following invariant 
condition be satisfied: 
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f n (A(S n , 1) ® s k ) C . . . , fe] (8> other terms 
— in other words, the leftmost factor must be in ims. Now we simply set 

f n {A®s k ) = $o/ n (5A®s fc ) 

+ (-l) dimA $o/„(A®9s fe ) 

where A e A(S n , 1). 

The upper line follows from induction on the dimension of A and the lower line 
follows from acyclic models and the induction on k. The Cartan Theory of Con- 
structions implies that this map is uniquely determined by the invariant condition 



2.2 must commute since: 



and the contracting homotopy <I>. It follows that diagram 

1. any composite of /„-maps will continue to satisfy the invariant condition. 

2. Oj(l (gi A(S n , 1) ® • • • ® A(S m , 1)) C 1 <g) A(S n+m -i, 1) so that composing an 
/„-map with Oj results in a map that still satisfies the invariant condition. 

3. the diagram commutes in lower dimensions (by induction on k and acyclic 
models) 

□ 

We conclude this section with a definition that will be important in the sequel: 

Definition 2.58. Let C be a DGA complex that is an acyclic m-coalgebra over & 
satisfying the conditions: 

1. there exists a self-annihilating contracting homotopy (p:C — > C 

2. the adjoint of the m-structure of C, /„: 6 ® C — > C n , has the property that 

(2.6) / n (4(S„,l)®^(C))C$(C) 
where: 

(a) A(S n , 1) C R5„ is as defined on page [gjl; 

(b) $ = p®l®-"®l + e®y®- ,, ®l + , - , + e® ,, -®e®¥'is the contracting 
homotopy of C n induced by ip, where e: C — » Z is the augmentation. 

Then C will be said to be Cartan, with contracting homotopy (p. 

Remark 2.59. For instance, the m-coalgebra of any simplex is clearly Cartan, by 



2.57 



3. M-COALGEBRAS AND HOMOTOPY 

3.1. A category of fractions. In this section, we will define four categories that 
will be important in the sequel: 

• Mo 

• Wl = WlolS- 1 } 

• £o and 

• £ = £ [T- 1 ] 

The objects of these categories will be called m-coalgebras — they are DG-coalgebras 
over -Eoo-operads, and the morphisms will be those of DG-coalgebras, extended 
slightly to allow a change of underlying operad. 

The categories 9JT and £ are categories of fractions of 9Jlo and £o , respectively, 
in the sense of Gabriel and Zisman in J?]. The classes of inverted morphisms, 



{S} and {T}, are known as elementary equivalences, defined in 3.S, and 97t and 
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£ are interesting because they contain sub-categories equivalent to the homotopy 
category of pointed, simply-connected CW complexes. 

Gabriel and Zisman presented a theory of categories of fractions and used it to 
study various homotopy categories. Although categories of fractions exist and are 
well-defined in great generality, their structure is also usually very complex. 

Gabriel and Zisman showed that, under certain (rigid) conditions, a category 
and subcategory admits a calculus of left or right fractions. When this happens, 
the category of fractions has a particularly simple structure. 

Unfortunately, as Quillen observed in [ p| , interesting topological categories 
rarely admit a calculus of left or right fractions. Quillen replaced these algebraic 
conditions by topologically inspired ones (related to fibrations and cofibrations) and 
defined model categories. Model categories have properties that facilitate the study 
of homotopy types without explicitly using a calculus of fractions. 

It turns out that our category dJlo and £o are not model categories (except up to 
equivalence) so that we cannot use Quillen's theory. They almost admit a calculus 
of left fractions, but fail to meet one of Gabriel and Zisman's conditions. On the 
other hand, they have other algebraic properties that are almost as good as having 
a calculus of fractions, so that we get a tractable homotopy theory . 

Definition 3.1. The category, OTto is defined as follows: 

1. Its objects are m-coalgebras, where an m-coalgebra, C, is an equivalence class 
of DG-coalgebras over i^co-operads withf] C = Z and C\ = 0. Two such 
DG-coalgebras, C\ and C2, with structure morphisms 

(3.1) £Ki -^->CoEnd(C*i) 



m 9 



-> CoEnd(C 2 ) 



define the same m-coalgebra if C\ = C2 (as DG-modules), and there exists 
an operad morphism f:9li — > % that makes 



/ 

9*2 



-4 CoEnd(Ci) 



■ CoEnd(C 2 ) 



commute. 

2. Morphisms induced by those of DG-coalgebras over -Eoo-operads that preserve 
homology in dimensions and 1. In other words, a morphism between two 
m-coalgebras, C\ and C2 over the operad D\, with representative structure 
maps as in 3.1 consists of a morphism of DG-coalgebras over D\: C\ — ► C2. 
We consider two morphisms to be the same if their underlying chain-maps 
are the same. 



Remark 3.2. m-coalgebras were first defined in |2C]]. The present definition corre- 
sponds to the term weakly coherent m-coalgebras in that paper. 



1 By abuse of notation, we use the same term for the underlying chain-complex as for the 
m-coalgebra. 
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The category VJIq fails to be Abelian — cokernels do not always exist (their 
underlying chain-complexes may have Z-torsion). 

Note that C = Z, concentrated in dimension is an m-coalgebra over any Eoo- 
operad. This is the initial and final object in dJlo since it maps to any m-coalgebra 
and any m-coalgebra maps to it. 

Definition 3.3. Let £o be the full subcategory of 9Jlo of m-coalgebras over the 
operad &. Define 3^ C £o to be the subcategory of finitely generated m-coalgebras 
over &. 

Proposition 3.4. Let C\ and C 2 be chain- complexes. Then there exist natural 
transformations of functors 

<S„: Hom z (Ci, C?) ® Hom z (C7 2 , C 2 n ) -► Hom z (C7i ® C 2 , (d ® C 2 ) n ) 

for all n. They induce operad morphisms 

<£: CoEnd(Ci) ® CoEnd(C 2 ) -► CoEnd(C*i ® C 2 ) 



Remark 3.5. If u G Homz(Ci, Cf), v e Hom z (C 2 , C 2 ), then £„(w ® u) sends c\ ® 
c 2 S Ci ® C 2 to K((w ® w)( c i ® c 2), where V„: C™ ® -> (Ci ® C 2 ) n is the map 
that shuffles the factors together. 

We can now define tensor products of m-coalgebras: 

Definition 3.6. Let & — WIq,£o ot $o and let C\ and C 2 be objects of with 
structure maps 

/tiMi-^CoEndtCO 

i = 1,2. Their tensor product is a DG-coalgebra over 5Hi ® 5H 2 with underlying 
chain complex C\ ® C 2 and structure map 

8o/!8 ,/ 2 : JJti ® m 2 -» CoEnd(Ci ® C 2 ) 

It is straightforward to verify that equivalent DG-coalgebras give rise to equivalent 
tensor products so that this operation is well-defined for objects of 9Jlo- 

Given two objects C\ and C 2 of £0 or #0, form the tensor product as above. The 
result is an m-coalgebra over the_Eoo-operad 6 ® 6. Now pull this m-structure 
back over the diagonal map (see 2.56] ) 

6 -» S®6 

to get an m-coalgebra over S, hence an object of £0 or ^o, respectively. 



Proposition 3.7. Let % = 9Jlo, £0, or $0 <™d ^ 

A— f -^B 

9 

C 

be a diagram in % of m-coalgebras over an operad such that the quotient (of 
Abelian groups) (B © C)/(/, — g)A is Z-torsion free (for instance, if either f or g 
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are split injections) . Then we may form the push out 



A >B 



in 6q- 



This push out is natural with respect to morphisms of diagrams: 




Proof. We form the push out of coalgebras over 9\d- 

D = coker(/, -g): A -> B © C 
which is possible because of proposition |2.35| . This gives us the diagram 

(3.2) 




where u and v are induced by the inclusions. They are clearly m-coalgebra mor- 
phisms. □ 

Definition 3.8. Let C and D be coalgebras over i?oo-operads. An injective morph- 
ism l:C — > D will be called an elementary equivalence if its cokernel is a projective, 
acyclic chain complex. 



Remark 3.9. Note that, by 3.7, the cokernel will possess an m-structure, and the 
quotient map D — ► D/l(C) will be a morphism of m-coalgebras. 



Definition 3.10. The homotopy category of m-coalgebras, denoted 971 = 9Jto[iS ,_ ], 
is defined to be the category of fractions of 9JIq by the subcategory, S, of elemen- 
tary equivalences — see [Q. Two morphisms f\,fi'-A — > B in 9Jl will be called 
homotopic if they define the same morphism in 9Jt = 9Jto[S' _1 ], under the canon- 
ical functor 9Jlo - y %Jta[S ]. The saturation of S, denoted S is defined to be all 
morphisms in 9Jto that become invertible in £Dt. 

In like fashion, we define the category £ = £o[T _1 ] and $ = $q[R ], where T 
and R are the sub-categories of elementary equivalences in £o and Jo, respectively. 
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Remark 3.11. The canonical functors 

SJto - 
£o - 
So - 



are, in general, not faithful. There exist an obvious functors 



f:£ 



an 

£ 



It is easy to see that morphisms preserve coalgebra structures up to a chain- 
homotopy. 

Definition 3.12. Let A and B be m-coalgebras. A morphism in 9Jt = 97to[<S' -1 ] 
(respectively £, or is a diagram of the form 



mi si 
> ■ < 



m 2 S2 
► • i 



where the {rrii} are morphisms of m-coalgebras (respectively, m-coalgebras over & 
or finitely generated m-coalgebras over 6) and the {sk} are elementary equivalences 
defined in A commutative hammock is a diagram: 

(3.3) 




where: 

1. Horizontal maps in the same column (i.e., one above the other) go in the same 
direction. 

2. Vertical maps and horizontal maps to the right are morphisms of 
m-coalgebras. 

3. Horizontal maps to the left are elementary equivalences. 

Remark 3.13. In any diagram like the above, we can clearly consolidate adjacent 
horizontal maps that go in the same direction. Consequently, we may assume that 
adjacent maps go in opposite directions. 



Proposition 3.14. Let = 9#o, £o> or go and let c € denote 971, £, or g, respec- 
tively. The existence of a commutative hammock in % implies that its upper and 
lower rows are equal in , 



Proof. We will prove this for 9Jt — the arguments for £ and Jo are identical. The 
claim follows by induction on the number of columns. We show that the following 
equation (in 9JI = 9Jt [S'~ 1 ]) is satisfied at column i of diagram 3^ for all i: 



(3.4) 



Vi o (upper row) = (lower row) 
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Every commutative subdiagram of the form: 



Si 

Xi > Xi + i 



Vi + l 



results in an equation 

t'i+ifi = 9i+iVi 
and any commutative subdiagram of the form 



Xi < Xi+\ 



Vi + l 



ti+1 

Yi <— !- Y l+1 



where s;+i and U+\ are elementary equivalences, results in an equation of the form 



so that the validity of equation ?>A in column i implies its validity in column i + 1. 
The conclusion follows. 

The following converse was stated but not proved by Dwyer, Hirshhorn and Kan 
in H: □ 



Proposition 3.15. Given two objects C and D in the category 97to (respectively, 
£o or $o), the morphisms Homsg; [5-i] {C, D) (respectively, Hom£ p--i] (C, D) or 
Hom^^-i] (C, D)) correspond to the components of a 1- dimensional simplicial set 
whose O-simplices are morphisms in dJl = 97lo[S f_1 ] (respectively, £ — £o[T _1 ] or 
$ = doiR^ 1 ]) and whose 1-simplices are commutative hammocks. 



Remark 3.16. In other words two morphisms are equivalent if and only if they can 
be connected by a sequence of commutative hammocks. 

Proof. Again, we will prove the result for fDto — the arguments for £o and #0 are 
identical. 

We use the description of localized categories in 0: they define it via "generators 
and relations". The only relations that exist in 971 = 97lo[5' _1 ] are: □ 

1. The relations of WIq — this is expressed by all formulas a = be that are true 
in 9Jlo, where a, b, and c are morphisms such that b and c can be composed; 

2. The relations that create a new set of formal morphisms, {t{\ and define 
Siti — 1 and tiSi = 1, where the Si are the elementary equivalences (we will 
use the notation s^ 1 for ti throughout the remainder of this argument). 

If 

(3.5) C — ^ Cx C 2 D 

is a morphism in 971 = 97To[S'~ 1 ], then all morphisms equivalent to it can be obtained 

by 
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1. Factoring a morphism, a, in 3.5 into a composite be whenever this is valid in 
dJto, or the reverse — composing two adjacent morphisms that go in the same 
direction, or 

2. Inserting pairs of morphisms 



-4- • <- 



into the diagram wherever it is possible to do so, or removing such pairs, or 
3. Inserting pairs of morphisms 



into the diagram wherever it is possible to do so, or removing such pairs. 

It is straightforward to verify that all of these operations can be described in terms 
of commutative hammocks. For inst ance , transformation 1 above corresponds to 
a hammock that maps every term in 3J) via the identity map except for a central 
portion that looks like 



Transformation 2 corresponds to a hammock that maps every term of 3.5 via 
the identity, except for a sub-diagram that looks like: 



It is equally easy to see that transformation 3 can be realized by a commutative 
hammock. The conclusion follows. 

Now we restrict our attention to the category 9Jlo and its category of fractions 9Jt. 
The following result shows that 9JI satisfies one of Gabriel and Zisman's conditions 
(in 0) for having a calculus of left fractions: 

Proposition 3.17. Let % = 2fto, -Co, or 3o and let denote 9Jt, £, or respec- 
tively. If 



A ■ 



C 



f 



is a diagram in ^ ', with s an elementary equivalence, then there exists a diagram 



(3.6) 



A >B 
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in ffo with t an elementary equivalence. In particular, for any m-coalgebra morph- 
ism f and elementary equivalence s, there exist an m-coalgebra morphism g and 
elementary equivalence t such that the relation fs^ 1 = t~ x g holds in . 

Proof. Again, we only prove the statement for 9Jto. This is an immediate con- 
sequence of 3^7. The statement that t is an elementary equivalence follows from 
the fact that, as a chain-complex, D = B © C/s(A), where C/s(A) is acyclic and 
Z-torsion free. 



The equation in 3Jto[S' _1 ] follows from the commutativity of 3.6, which implies 
that tf = gs. The invertibility of s and t (in WlolS^ 1 }) implies that we can rewrite 
this equation as t~ l g = fs~ l . □ 



Corollary 3.18. Let == 9^0, £o, or #o and let & denote 9Jt, £, or respec- 
tively. If m: A — > B is a morphism in H ', then m has a canonical representative 

f 



diagram of the form A ■ 



4Cf 



■ b , where f is a morphism of m-coalgebras 



in % and s is an elementary equivalence in In addition, any commutative 
hammock 



(3.7) 



A 



Yi Y 2 

can be simplified to a hammock of the form 
(3.8) 



h 


^ X 




V 


/2 





B 



X, 



,B 



Remark 3.19. We will call this canonical representative diagram, the canonical form 
of the morphism m. 



Proof. The first statement follows immediately from 3.7, which implies that we can 
permute leftward elementary equivalences with the rightward maps and compose — 
thus simplifying the morphism. The second statement follows from the naturality 
of the push-outs used in the simplification: we can simplify the upper and lower 
rows of a hammock in such a way that there is a map of the simplifications. □ 

Definition 3.20. Let c £q — VJIq, £o, or 5o and let ^ denote 97t, £, or respec- 

fi Si 

tively. If A > Xi < B i = 1,2 are two morphisms in a commutative 

diagram in 



.4 



h 


^ X 






V 


h 







B 



will be called an elementary homotopy. 
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Corollary 3.21. Let % 

tively. Two morphisms of in canonical form A 



VJIq, £o, or and let & denote 9Jt, £, or respec- 

fi 



->.X<<- 



B 



1 , 2 are 



equivalent in if and only if there exists a sequence of elementary homotopies 
(3.9) Xi 





Yi 


\ 


A 9k — 




—tk — B 


\ 


Y n 


s / 



Xn 



between them, in 



Remark 3.22. Here all vertical maps are upward or downward morphisms of m- 
coalgebras, the {gi}, i = 1, . . . , n are morphisms of m-coalgebras and the {U} are 
elementary equivalences. 



Proof. This is an immediate consequence of |3.12 and 3.18. 

It is interesting to see what happens if we can "abelianize" the category 9Jlo : 



□ 



Theorem 3.23. Let 2J be an Abelian category and let f: 9Jto — > be a full functor. 
In addition, let 23' = 2J[f(S') _1 ] be the corresponding category of fractions. Then: 

1. any morphism in 03' can be expressed as a diagram 



2. two morphisms f(A) f(Xj) 4^— 

if and only if there exists a commutative diagram in 53: 

(3.10) f(Xx) 



f(B) , i= 1,2 are equivalent (in 93' ), 




f(*a) 

where u and v are morphisms of 03 that are invertible in 03' . 
In particular, if Z is the saturation of f(S), then 03' = 03[Z _1 ] admits a calculus of 
right fractions. 

Remark 3.24. For an example where this theorem applies, let il be the category of 
rational DG-coalgebras over i?oo-operads, and otherwise defined like 97to- There is 
an obvious functor TIq — * 11 and we define 03 to be the image of this functor. This 
is an abelian category, and 3.23 implies that its homotopy theory has a particularly 
simple form. 
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Another example is the category, 9to of m-coalgebras with torsion. This is defined 
like 9Jlo except that we allow m-coalgebras to have Z-torsion. 

The definition of homotopy implied by a calculus of right fractions resembles 
Quillen's definition of right homotopy in but is considerably simpler. 

Proof. The first statement follows from the fact that f is full. The second follows 
from the fact that, in an abelian category, we can always form push-outs. We, 
consequently, take a diagram of elementary homotopies (like and, whenever we 
encounter a sub diagram of the form 



(3.11) 




and we form the push out of 



Y 



+ Yi_ x 



Yi 



i+1 



It is stra ightforward to check that this push-out can be inserted into 
diagram 3.11 . After many cycles of consolidating morphisms going in the same 
direction and repeating this push-out construction, we end up with a diagram 
that has the required form. The final claim follows from page 12 of |Q. □ 



3.2. Morphisms. 

Definition 3.25. Let ^ 

tively. A morphism /: C\ ■ 
exists in % 



VJIq, £o, or So and let ^ denote 971, £, or respec- 
Ci in is defined to be a cofibration if the push out 




in which case D is called its cofiber. We extend this to ^ via the canonical functor 
— ► ^ . 

Any map is homotopic to a cofibration, as we can see from the construction: 

Definition 3.26. Let % = 9#o, £o, or go and let ^ denote Wl, £, or respec- 
tively. We define the algebraic mapping cylinder, M(/), of a morphism, /: C — ► D, 

33 



OPERADS AND ALGEBRAIC HOMOTOPY 



Justin R. Smith 



in to be the push out 
(3.12) 



C 



D 



1®P0 



C®I/C Q ®I M{f) 

If C and D are m-coalgebras over 9t, the underlying operad of M(/) is d\ ® &. 
When c £q — £o or 5o, the algebraic mapping cylinder in % is that of 9Jto with 
structure map pulled back over the diagonal morphism 

e -> 6 ® e 



see 2.56 



Given a morphism / = s~ 1 g: C — > 13 in "if, where g: C — > A is a morphism in 
and s:D — > A is an elementary equivalence, define M(/) = M(.g), with the 
canonical map ld = tx ° s: D — > M(/). 



Proposition 3.27. T/ie canonical map 

ld' D — » M(/) 



m diagram 3.H is an elementary equivalence (in the sense of p. 



Proof. If / is a morphism in £D?o, -Co, or Jo, this is clear: the inclusion is a direct 
summand (as a chain-complex) and a homology equivalence. In the general case 
(i.e., in 9Jt, £, or #) t£> is a composite of two elementary equivalences (in opposite 
directions). □ 



Corollary 3.28. Let /: C\ —* C2 be a morphism in 9JI, or J. Then f is an 
equivalence if and only if its underlying map induces homology isomorphisms. 

Proof. The only-if part of this is clear. The if part follows immediately from the 
existence of algebraic mapping cylinders. □ 



Corollary 3.29. Let X be a pointed, simply-connected, 2-reduced simplicial set, 
let A(A) be the 2-reduced form of the singular complex, and let i: X — > A(X) be 
the inclusion. Then 

e{i)-.e(x) -> e(ApQ) 

is an elementary equivalence in £0, so that 6(A) and C(A(A)) define the same 
object of £. 

Remark 3.30. In C(A(A)) was called £(A). 

Theorem 3.31. The functor C(*): SS — > £0 induces a functor 

C(*): Homotop Q — > £ 

where Homotop Q is i/ie homotopy category of pointed, simply- connected, 2-reduced 
simplicial sets. 

Remark 3.32. By abuse of notation, we continue to denote this functor as C(*). 
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Proof. This follows from results in which characterizes the homotopy category 
of simplicial sets as a localization of the category of simplicial sets by weak equiv- 
alences. Proposition 4 on page 3.19 of shows that a morphism /: X — > Y is an 
isomorphism in the homotopy category if and only if: 

1. /*: H (Y, S) — > H (X, S) is an isomorphism for any set S 

2. /*: G) — ► H l (X, G) is an isomorphism for any group G 

3. /*: H q {Y, L) — » H q (X, f*h) for an local coefficient system L of abelian groups 
on Y and any q > 

In our case (pointed, simply-connected, 2-reduced simplicial sets), these condi- 
tions reduce to / inducing homology isomorphisms with Z coefficients. Since, 
Homotop Q = SS[V ], where V is the morphisms inducing homology isomorphisms, 
it follows from 3.28| that C(*) carries elements of V to the saturation of T in 
£ = £o[5 _1 ], hence extending (uniquely) to a functor 



C(*): Homotop 



□ 



Definition 3.33. If /: C — > D is a morphism in Wl, £, or define the algebraic 
mapping cone , A(f) to be the cofiber of the cofibration nc'- C — * M(/) defined in 
diagram 3.12| . It comes equipped with a canonical morphism ir>: D — > 



Proposition 3.34. Lei ^ = 9Jt, £, or The algebraic mapping cone defines a 
functor from the category of 'tf- morphisms to . 

Remark 3.35. In other words, equivalent morphisms give rise to equivalent alge- 
braic mapping cones. 

Proof. Consider an elementary homotopy 

X 




It induces 




where the map v 1 is an equivalence since v = S2S 1 in ^ . This factors through 
to the algebraic mapping cones. □ 



Definition 3.36. If C is an m-coalgebra over an -Eoo-operad 5H, then the suspen- 
sion, EC , is defined via 

EC = C <g I/{C + <g> po ® C + ® pi © C «) J) 

where C + is the portion of C above dimension and Co = Z. This is an m-coalgebra 
over 9t ® ©. 
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Remark 3.37. It is not hard to see that this defines a functor E: 9JI — > 971. 
Lemma 3.38. Let C\ and Ci be m-coalgebras over 6 that are both acyclic and 



Cartan (see 2.5L for the definition of the property of being Cartan) and let g: C\ —* 
Ci be a chain map. Then there exists an m-structure on the algebraic mapping 
cylinder, M.(g), extending those of Ci and Ci. 

Remark 3.39. Note that the map / need not be a morphism of m-coalgebras. The 
m-structure on M(<?) measures the extent to which g fails to be a morphism of 
m-coalgebras. 

Proof. By abuse of notation, we will denote the algebraic mapping cylinder by M(.g) 
(even though g is not necessarily a morphism). Let the chain complex of / (the 
unit interval) be given by: □ 

1. Cq(I) = Z • po ffiZ • pi (we have chosen canonical generators, p\ andp2,ofZ 2 ) 
and 

2. C\(l) —2,-q, with dq = pi — pi. 

Let tpi'.Ci — » Ci be self-annihilating, contracting homotopies associated with C\ 



and Ci (see p.58[ ). The following is a self-annihilating, contracting homotopy of 
M(g): 

ip I Ci®po = ipi 

l/j I C 2 ® Pl = <fi2 

-0 I C\ <g> q = tpi (8) q 
Now w e con struct an m-structure on M(<?) by a relativized form of the argument 



used in |2.57| . Define 

* n = V<8>l®---®l + e®0(gc--(8)l-| h e ® • • • ® e ® t/> 

where each product has n factors. This is a self-annihilating contracting homotopy 
of M(g) n . We will build an m-structure over 6 on M(<?) with adjoint map 

F n :RS n ®M(g) ^ M{g) n 

that satisfies the invariant condition 

(3.13) F n (A(S n , 1) (8) M(s)) C *„(M( ff )) 

for all n > 1. This m-structure is already defined on C\ ®po and Ci <8>pi; we need 
only extend it to Ci ® g. 

Let 1 ® A G l<8i J 4(S , „, 1) C R5„ C S and let z e imip c QTl(.g) (i.e., z is either in 
im(/j<8pi C Ci ® pi or G\®q). We perform induction on the dimension of 1 <8> A ® z 
by setting 

F„(ct ®A®m) = a- F n (A (g> m) 

where a € S n , and to G M(g), and 

F„(l (8 A ® z) = * n o F n o 5(1 ® A <g> ^) 

There is a unique chain-map satisfying these conditions because f^ 2 = 0, so that 
d\ im?/> is injective. 

The proof that compositions in 6 map into com posit ions of the F„-maps proceeds 
exa ctly as in [2.57 , using the invariant condition in 3.13 and a commutative diagram 



like 2.3 
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Corollary 3.40. Let 7 be a category and let G(*) and £>(*) be functors from T 
to £o- Suppose that G(*) is free on some set of models {m a } in T and C(m a ) 



and D{m a ) are acyclic with Cartan m- structures (see 2.58 ) for all models m a . In 
addition, let /(ob):C(ob) — + D(ob) be a natural transformation of functors for all 
ob € T. Then /(ob) is the underlying map of a morphism F(ob):G(ob) — > D(ob) 
in £ for all ob E T. 

//, in addition, /(ob) induces homology isomorphisms for all ob € T, £/ien it is 
the underlying map of an equivalence in £ for all ob € T. 

Proof. We construct Z(ob) to have an underlying chain complex that is the algebraic 
mapping cylinder of /(ob). Since / is a natural transformation, and since C is free 
on the {m a }, it follows that Z(*) is constructed from Z(f\C(m a )). Consequently, 



3.40 implies that we can extend the m-structures of G(m a ) and D(m a ) to an m- 
structure on Z{f\C{m a )). These m-structures induce an m-structure on on all of 

z(f). 

With this m-structure, the inclusion of C(ob) and D(ob) into the ends of this 
algebraic mapping cylinder are morphisms of m-coalgebras, with the inclusion of 
D(ob) an equivalence. The conclusion follows. □ 

We get a version of the Eilenberg-Zilber theorem: 

Corollary 3.41. Let X and Y be pointed, simply- connected simplicial sets. Then 

e(x xy) = e(x) ® e(Y) e £. 

fit is important to note that the Eilenberg-Zilber maps are not morphisms of 
coalgebras over & — they are only morphisms in the localized category £. 

This has a number of consequences — not the least of which is the fact 
that topological groups usually do not define m-Hopf-algebras. Although their 
product map is associative, it does not preserve m-structures. This means, 
for instance, that the reduced bar construction of 6(G), for G a simplicial 
group, does not have a well-defined m-structure. 

Proof. It is only necessary to note that these are functors from the category of 
ordered pairs of simplicial sets and that the respective functors are free and acyclic 
on models composed of pairs of simplices. □ 

3.3. Homotopy sets and groups. We can also define homotopy sets: 

Definition 3.42. Let G and D be m-coalgebras. Then £o(G, D) and [C,D] = 
£(G, D) are defined to be the sets of morphisms in the categories £o and £, respec- 
tively. 

fOne might be inclined to think of £(G, D) as a kind of quotient of £o(G, D) 
(at least the author was so inclined for some time). It really turns out to be 
a quotient of a proper superset of £o(G, D). Indeed, it is easily possible for 
£o(G, D) — and for [C,D] ^ 0. Furthermore, an equivalence f:C — ► G' 
does not necessarily induce an isomorphism £o(G',Z?) — » £o(G, D). 
Here is an example of this phenomenon: 

Let B n = H*(G(S n ), Z), for all n > 1. This is a chain-complex concentrated in 
dimensions and n, where its chain-modules are Z. It is not hard to see that the 
m-structure on C(S n ) induces a (mostly trivial) m-structure on B n and that there 
exists an m-coalgebra morphism 

(3.14) e„: 6(5") -» B n 
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Corollary |3.28 implies that this is an equivalence in 9Jt. 



Now we consider morphisms from B 3 to B . It is easy to see that 9JIq(B , B ) = 
since the chain-module of B 3 vanishes in dimension 2. 
On the other hand, let: 



1. Z$ — M(e3) — the algebraic mapping cylinder of defined in 3,14 , 

2. Z2 = M(e2) — the algebraic mapping cylinder of 2 defined in 3.14 , 

3. V(h) = M(h), where h: G(S 2 ) — > G(S 2 ) is induced by a geometric map (the 
Hopf map, for instance). 

Now define K(h) — Z3 Ll^rs 3 ) V(h) ^e(s 2 ) The inclusion of B 2 in K(h) is an 
elementary equivalence and the diagram 



B 



K(h)<r- 



B 2 



represents an element of [B 3 ,B 2 ]. Two such diagrams represent the same element 
if they fit into a diagram 



B 3 



where the i and j-maps are inclusions (and the j-maps are equivalences) . 
Now consider the relative cohomology H* (K(hi), B 3 ): this is given by 




Z 
Z 

z 





i = 
i = 2 
i = 4 
otherwise 



where the generator, cti, of H 2 (K(hi), B 3 ) is induced by the canonical generator of 
H 2 (B 2 ). Now ajUaj 6 H 4 (K(hi),B 3 ) is some multiple, w(hi), of the generator, 
Pi, of H\K{hi),B 3 ). 

The commutativity of diagram 3.3 (and its m- structures) implies that w(h\) = 
w{h,2), at least setting = Pi £ H A (K(hi), B 3 ), and a diagram chase in- 

volving the long exact sequence in cohomology shows that w(h) coincides with the 
Hopf invariant of the map h. If h is a trivial map (i.e., any map induced from 
m (B 3 ,B 2 )), then w(h) = 0, since K(h)/B 3 is essentially S 4 V S* 2 . 

On the other hand, the Hopf map S 3 — > S 12 is well-known (see iQ) to have 
a Hopf invariant of ±1. With suitable simplicial decompositions of S 3 and S 2 
(for instance, the singular complexes), we can compute the Hopf invariant on the 
chain-level. 

This shows that 97t(S 3 ,i3 2 ) ^ 0. With a little more work, one can show that 
m(B 3 ,B 2 ) = Z (see chapter |). 

Definition 3.43. Let C and D be m-coalgebras. Define their one-point union, 
C V D to have an underlying chain-complex given by: 

1. (CVD)o =Z 

2. (C V D)i = Ci 8 A for i > 

with m-structure induced from that of C and D via the canonical projection 

p: (Ci®Di) n ^C? ®D? 
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Proposition 3.44. For all n > 1 there exists a morphism 

d„:B n B n y B n 

sending 1 € B™ = Z io 1 © 1 G -B™0-B™. T/iis «s co- commutative and co-associative 
and, therefore, induces a map 

[B n ,C] x [B",C] -> [B",C] 

making [B n ,C] into an abelian group for any m-coalgebra, C. 

Remark 3.45. Note that homotopy sets generally do not have an abelian group 
structure: the sum of two morphisms is usually not a morphism due to the nonlin- 
earity of m-structures. 

Proof. The key fact here is that the m-structure of B n is trivial, thereby eliminating 
any obstruction to the existence of d n . The statements about co-commutativity 
and co-associativity follow immediately from the definition of d n and the remaining 
statements are clear. □ 

Definition 3.46. Let C be an m-coalgebra and let n > 1 be an integer. Then 
7r„(C) = [B n , C] is defined to be the n th homotopy group of C. 

4. Aoo-STRUCTURES 

4.1. Definitions. In this section we define non-E operads that can be used to 
define "algebras and coalgebras that are associative up to a homotopy." These 
operads were first described by Stasheff in as a way of algebraically describing 
i/-spaces whose product operation was only homotopy associative. 

Definition 4.1. The free ^loo-operad, 21, is a non-E operad equal to 21 = 21/J 
where: 

1. 21 is the free, non-E composition algebra (see |2.1l| ) generated over Z by formal 
compositions of elements {Sfc}, where dim(J)fe) = k — 2, deg(J)fc) = k. This 
means that its Z-generators are words {D^ oj 1 ■ ■ ■ o kk l T>i k } subject only to 
the two relations 

Associativity: (a Oj b) oj c = a o i+ j_ 1 (b oj c) 
Commutativity: a o i+m _i {b Oj c) — (— l) mn b Oj (a c) 
where a, b, c e 21. 

2. 3 C 21 is the ideal generated by 

n n—k 

(4.1) Y, Z)(-l)* +A+fcA »k °n-k-X+l Sn-fe+l 

fc=l A=0 

for all n > 1. 

The identity in 4.1 implies that D\ = 0. We make 21 a sequence of DG-modules by 



setting boundary operators to Si. 

Definition 4.2. Let 9\ be an operad. An A x - structure on 9\ is a morphism of 
(non-E) operads: 

If C is a DG-module, 
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1. an ^loo-algebra structure on C is an ^loo-structure on the endomorphism op- 
erad, i.e., an operad morphism 

21 -> End(C) 

2. an ^4oo-coalgebra structure on C is an Aoo-structure on the co-endomorphism 
operad, i.e., an operad morphism 

21 -> CoEnd(C) 

Remark 4.3. We briefly consider what Aoo-algebras and coalgebras look like. Sup- 
pose A is an A^ -algebra with structure map 

/: 21 -> End(C) 

Then A is equipped with maps 

ti i = f(® i ):A i ^A 
of degree i — 2 satisfying the identity 

n n— k 

£ Mn-fc+i ° (1 A ® Mfe ® l"- fc - A ) = 

fc=l A=l 

where /2i = 9: A — > A Similarly, an Aoo-coalgebra with structure map 

/:»-» CoEnd(C*) 
comes equipped with a system of degree fe — 2-maps 

satisfying the identity 

n n—k 

E E (-l) fc+A+fcA <5n-fc+l ° (1 A ® *fc ® 1""^ A ) = 
fc=l A=l 

An Aoo-structure on an operad trivially induces corresponding structures on 
algebras and coalgebras over the operad: 

Proposition 4.4. Let 9t be an operad equipped with an A^- structure. Then 

1. A coalgebra over 91 is an A^-coalgebra. 

2. ^4 algebra over 9\ is an A^-algebra. 

These two constructs are dual to each other, as the following result shows: 

Proposition 4.5. Let C be an Aoo-coalgebra and let A be a ring. Then 
Honiz(C, A) has a natural Aoo -algebra structure. 



Proof. This follows from the Duality Theorem ( |2.22| ), which states the existence of 
an operad morphism: 

CoEnd(C) -> End Ki} (Hom z (C, A)) 

Now we compose the structure map of C with this to get an operad morphism 

2l^End {o „ } (Hom z (C, A)) 

The conclusion follows by noting that, as a non-S operad End{ aji }(Homz(C, A)) = 
End(Hom z (C, A)). ' ' □ 
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4.2. Twisted tensor products. Now we develop the important algebraic concept 
of a twisting cochain and twisted tensor product. We begin with the "categorical 
definition" given in [||: 

Definition 4.6. Let C be a DGA-coalgebra with coproduct A: C — > C ® C, and 
let A be a DGA-algebra with product /x: A ® A — ► A. A principal twisted tensor 
product, Z, of C by ^4 is a chain-complex satisfying: 

1. Z is isomorphic, as a graded module, to C ® A 

2. Z is a left, DG C-comodule — i.e., there exists a morphism of DG-modules 

c5:Z^C®Z 

making 

S 1®i5o<5 

Z — s-C<g)Z — — ► c ® e ® z 



Z ; — >C(8)Z ~ - > C®C®Z 

commute; 

3. Z is a right, DG A-module — i.e., there exists a morphism of DG-modules 

a:Z®A—>A 

making 

Z ®A®A — ma ) Z® A — fZ 



Z ®A®A— — — > Z® A — > Z 



commute. 



Remark 4.7. This is very similar to Cartan's definition of a Construction: the es- 
sential difference is the present requirement that Z be a comodule over C. 

Given this definition, one can readily determine the types of differentials that 
can exist on a twisted tensor product: 

Proposition 4.8. Let Z — C ® A be a principal twisted tensor product, as defined 



in ^.6. Then the differential of Z is given by 

dz = d c ®A + x n * 

where x:C — > A is a cochain (called the twisting cochain) satisfying the identity 

dx + x U x = 
This twisted tensor product is written C ® x A. 

Proof. See |J for a proof. This involves considering dz\C ® 1 fl ker 5 and applying 
the identities that modules and comodules must satisfy. □ 



Definition [16] easily generalizes to the case where C is an ^oo-coalgebra, A is an 
Aoo-algebra, and Z is an Aoo-comodule over C and an Aoo-module over A. 
In the case where C is A^ and A is a DGA-algebra, we get: 
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Definition 4.9. Let A be a DGA-algebra, let C be an Aoo-coalgebra, and let 
x: C — > A be a map of degree —1. Then this map is a twisting cochain if 

oo 

Oa ° x + > zz* — 1 o x <g> • • • <g> x oAi = 
z-^i r v v / 

* — z factors 

where /i: A<g)A — » A is the multiplication and Aj: C — » C* defines the ^loo-structure. 
The map : C C8) ^4 — ► C A given by 

oo 

d x = 1 ® d A + 5^(1 ® A 4 * -1 ) o (1 ® x 1 " 1 <8> 1) o (Aj <g> 1) 

i=l 

is a differential. The chain-complex, C ® A, equipped with this differential, is a 
principal twisted tensor product and denoted C ® x A. 

Another variant of twisted tensor products is: 

Definition 4.10. Let C be a DGA-coalgebra and let F be an A^-algebra with 
structure morphism 

/:2l^End(F) 

1. A map x: C — ► F, of degree —1 will be called a twisting cochain if it satisfies 
the condition 

CO 

x o d c + ^ /(£>») Q f8)- - -8 x oA'" 1 = 

* — i factors 

2. Given a twisting cochain, x, the map 

oo 

b(x) = e + s jT j x®-y®x ok l - 1 :C -> B(F) 

^ — z factors 

is a homomorphism of DGA-coalgebras. 

3. Given a twisting cochain, x, the map 

oo 

d x = l®d c + ^2{f{^i) ® 1) ° o A 1 " 1 ® 1 

* — 2 — 1 factors 

is self-annihilating. 

The chain-complex, 8(F) g) C, equipped with the differential d x will be called the 
x-twisted tensor product and denoted 8(F) <S) X C. 

Remark 4.11. As in the previous definition of a twisted tensor product, we have 
incorporated the differential of one of the chain-complexes (namely A) via an Aqo- 
structure. Here f(®i) = dp- See |jl^, § 3] for definitions and the proof that a map 
b:C — > 8(F) is a homomorphism of DGA-coalgebras if and only if it is of the form 
b(x) for some twisting cochain x. Note that x(Cq) = so that the 0-dimensional 
components of the coproduct, A, have no effect on the formula for b(x) or the 
definition of a twisting cochain. 

We can generalize this definition of twisted tensor product somewhat. Let M 
be a left Aoo-algebra over A, i.e. suppose there exist maps {ofe} of degree k — 2, 
a,k- A® - ■ -®A®M — i M (fc-factors in all), otherwise satisfying the same identities as 
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an Aoo-product. This means that the equation in 4.2 is satisfied with the rightmost 



copy of jUjt replaced by &k- In this case we can define a twisted tensor product 

C (g>a fc M. 

4.3. m-Hopf algebras. 

Definition 4.12. Let: 

f . Sjo denote the category of m-Hopf algebras in 9Jto- Its objects are the monoid 

objects of 9Jlo that satisfy the additional conditions^ 

(a) underlying operads are operad-coalgebras (see 2.3S| ) 



(b) the product operation of an m-Hopf algebra, C, fj,:C ®C — > C covers the 

underlying operad's coproduct A: y\ — > 91 (g> 91. 
Morphisms are required to preserve all structures (i.e. the product operation 
and the underlying operad's coproduct). 

2. Sj denote the category of m-Hopf algebras in 971. Its objects are objects of 
971 over Eoo -operad-coalgebras that have a product (a morphism of 971, now) 
/x: C ® C — ► C that covers the underlying operad's coproduct. 

3. © denote the category of group objects in 9Jt. 

Remark 4.13. If C is a monoid object of 97tp over the -Boo-operad 9t, the existence 



of a multiplication on C implies (by ^lj and 3^) the existence of an -Eoo-operad 9V 
and morphisms 91' — > 91 and 9t' — » 91 ® 9t. It might seem unnecessarily restrictive 
to require that 9V = 9t but appears to be necessary to define the bar construction 
(since we must take iterated products of elements) . 

The DGA-algebras, A(M,n), defined by Eilenberg and MacLane in || and Q turn 



out to have natural m-Hopf algebra structures over the operad 6 defined in § 2.3 
These DGA-algebras were originally used to compute the homology of Eilenberg- 
MacLane spaces — and in our theory, they act very much like Eilenberg-MacLane 
spaces. 

5. The bar and cobar constructions 

5.1. Introduction. In this section, we define two important constructs in algebraic 
homotopy: the bar and cobar constructions. 

The bar construction was first defined by Eilenberg and MacLane in || and ||. 
Its defining property is that the bar construction, B(C(G)), of the chain complex of 
a simplicial group, G, gives the chain complex of the classifying space of the group. 
Eilenberg and MacLane used it to compute the homology of Eilenberg-MacLane 
spaces. 

The cobar construction, J-C, was defined by Adams in [Q in a manner dual to 
the definition of the bar construction. Its characteristic property is that the cobar 
construction of the chain complex of a pointed, simply-connected simplicial set is 
the chain-complex of the loop space. Together the bar and cobar constructions allow 
one to understand fibrations at the chain-complex level. 



In § 5.3 and 5.4, we will give slightly nonstandard definitions of the bar and 



cobar construction in terms of mapping telescopes (see § |5.2| ) and prove a duality 
theorem: 



Proposition ( \5. 3Z\ ): Let C be an Ao^-coalgebra with structure morphism 



/: a -» CoEnd(C) 
43 



OPERADS AND ALGEBRAIC HOMOTOPY 



Justin R. Smith 



and let A be a DGA-algebra. Then the Aoc-coalgebra structure on C induces an 
Aqq -algebra structure on the hyper-chain complex Homz(C, A) (via the cup-product 



map in 4-5) such that there exists a natural morphism of chain complexes 
B(Hom z (C, A)) -» Rom z {T{C),A) 

This will play an important part in our computation of the m-structure of the 
cobar construction in § |^. 

5.2. Mapping sequences and telescopes. In this section we will define mapping 
telescopes — a simple generalization of algebraic mapping cones — that we will use 
in throughout the remainder of this paper. We recall the familiar definition of 
algebraic mapping cone: 



Definition 5.1. Given a chain-map f:C^D between chain-complexes, the 
algebraic mapping cone, C R (f), is the chain-complex C©£ -1 D, equipped with the 
differential 

' >r ° ' :C®Y*~ 1 D—fC®Y l ~ 1 D 



I of -J od D o f 

This comes equipped with a canonical chain map C R {f) — > C and a canonical 
inclusion XT 1 !) C C R {f). 

The left algebraic mapping cone, Cl(/), is just £Cl(/) with boundary map 

-Ifcol ).< ECe D^'EC®D 
f° I d D J 

This comes with a canonical inclusion D C Cl(/) and projection Cz,(/) — ► £C 

Remark 5.2. Compare the Koszul Convention and our assumption that f and J, are 
chain-maps, which implies that the boundary of E~ 1 C is — J, odc° t- 

The following result is an immediate consequence of the definitions: 

Proposition 5.3. Given f:C^>D with right algebraic mapping cone C R (f) and 
a chain-complex E with chain-map e:E^C, we can define a map 

e®log:E-,C R {f)=C®^- 1 D 

if and only if g is a null-homotopy of f o e. // this condition is satisfied, we may 
form an iterated algebraic mapping cone 

C R (e ®g) = E® E -1 C © YT 2 D 

Definition 5.4. A right mapping sequence, {C{\^, is an infinite sequence of chain- 
complexes and maps 

C ► Ci > C 2 > ■ ■ ■ 

where: 

1. fifl\ d — > Ci+i is a chain map with right mapping cone C R (fi,o) = F<,i 

2. fiy.Ci — > is a nullhomotopy of /i+i,o ° /i,o — inducing a chain-map 

/i,o® I C — > 
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1 



3-2 



3. the map /jj: C, — > Ci+j+i has the property that 

I °/*,2, © ' 
is a nullhomotopy of 

(/i+i,o© I °/t+l,l 



+2,3-1 



Fi+ij with right 



for all i and all 



inducing a chain-map /,,o© I © • ■ • © | J °fi,j-Ci 

mapping cone C R (f il0 ® I °/j,i © • • • © V °fi,j) = Fi,j+i 
The {Fij} come equipped with canonical surjections Fjj <— 
j' > j. Define the associated mapping telescope via T{Ci}^ = limFo ; *. Let %r 
denote the category of right mapping sequences. 

A morphism of mapping sequences is a sequence of morphisms of corresponding 
chain-complexes that commute with all of the {fij} (whenever composites exist). 

Remark 5.5. Given a "chain-complex of chain-complexes" — a sequence of chain- 
complexes and chain-maps whose composites are zero — we can form an "iterated 
algebraic mapping cone". This is nothing but the hyperhomology complex. 

A right sequence as defined above is a "homotopy chain- complex of 
chain- complexes": two successive chain-maps might have composites that are not 
zero but null-homotopic. We equip the structure with whatever it needs to make 
the notion of iterated algebraic mapping cone well-defined. This turns out to be 
precisely the "higher null-homotopies" {fij}- The mapping telescope is just the 
hyperhomology complex. 

In practice, the {fij} will have the property that fij — for all but a finite 
number of values of j: this causes the inverse limit to be convergent (so the mapping 
telescope is countably generated). 



Proposition 5.6. Given the definitions in 5.4, the boundary map of Fij is a j 
1 x j + 1 array: 



( 



(5.1) 



Br 
I fi,0 
l 2 fi.l 





- I ft+i T 

I /i+1,0 T 



V l j hi-i - l j /i+u-2 T • • • (-i) j l j d i+j V ) 

where di is the boundary map of C\ . The general element is given by 
( ifa</3 

(5.2) b a , p = \ 1"- 1 a i+a _! r- 1 ii a = 13 

and the condition on fij can be written as: 

j 



a=2 



+fu °di = f, 



i+l,j-l 



°/i,C 



Proof. The equations |5T| and follow by an inductive application of the bound- 
ary formula in 5T. The formula for fij follows by a straightforward but tedious 
computation. □ 
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It is straightforward to dualize 5.4 to get the dual concept of left mapping sequence 
and telescope: 

Definition 5.7. A left mapping sequence, {Ci}+~, is an infinite sequence of chain- 
complexes and chain-maps 



where: 



1- fifi'-Ci+l 

2- /i,i:Ci+2 
fi,i° i 

fi,0 



Ci is a chain map with left mapping cone Cx(/i,o) = -Fi.i 
> Ci is a nullhomotopy of /^o ° /i+i,o — inducing a chain-map 



3. the map /ij: Cj+j+i — > has the property that 



F 



is a nullhomotopy of 

fi,o ° 



/i+1,0 



:F. 



i+2,i-l 



c. 



inducing a chain-map 



/i,0 



:F 



Ci with left mapping cone Cl 



The {Fj } come with inclusions Fij C Fjj/ for all i and j' > j. Define the 
mapping telescope via T{C{\^ — limF^j. 

Definition 5.8. Let Tl denote the category of left mapping sequences. 
The following result is straightforward: 

Proposition 5.9. Morphisms of (left or right) mapping sequences induce mor- 
phisms of their corresponding mapping telescopes (as chain- complexes). 

Given a mapping sequence {C}», where * =— > or and a chain-complex D, 
one may define the induced mapping sequence Hom(D, {Ci}*) = {Homz {D, Ci)}*. 

We also have the following relation between right and left mapping sequences: 

Proposition 5.10. Let {Ci}_> be a right mapping sequence and let D be a DGA- 
algebra. Then Hom({Ci}^, F) = {Homz(Ci,D}^ has the structure of a left map- 
ping sequence and there exists a chain-map 

T{Bom z (Ci,D}^ -» Hom z (T{Ci}^, D) 

that is natural with respect to morphisms of mapping sequences. 
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Proof. Most of the statements follow from the functoriality of Homz(*,*). The 
last statement follows by considering the Fij and passing to the limits: it is not 
hard to see that ({Homz (C* , D}<_ }) = Hom z (F i)i( T{C'*}^), D) for finite 
When we pass to the limits, there still exists a map, but it is not necessarily an 
isomorphism. □ 

We can define tensor products of mapping sequences: 

Proposition 5.11. Let {Cj,/*,*} and {Dj,g*,*} be two right mapping sequences. 
If we define their tensor product, {C{\ <8> {Dj} to be the right mapping sequence 

(5.3) {({Ci} <8> {Dj}) k = Q &<.,,,} 

i+j=k 

where 

(5.4) hij\C a ®D P = f a<j ® 1 + (-l) a ^ +1 h ® 

then t:T{Ci}_> ® {Dj}_> — » r{Ci} ® T{Dj}^ is an isomorphism, where b\Y<~ l Ci® 
=lc®23 ° tc ® Td : <g> S-iDj -» S-( i; +J)(C <g> D) fsee |T 

Remark 5.12. Note that |5.3| implies that i = a + (3 in equation eT 



Proof. Recall that, in the notation of 5.4, T{*}^ = -Fb j00 . The boundary of 
T{Ci}_ ® {£>j}- is 9 X <g> 1 + 1 ® d 2 , where d x is given, on T,~ a C a by (see p 



y ] ( — 1)" 1° fa,a'—a—l T" : E "Ca ► S Q C Q ' 

and is given by 

/3'>/3 /3'>/3 

The diagram 

I a + + a ^ 

£-«C Q ® E^Dp ° - > (C7 Q ® Dp) 

/a.a'-c-lTS®! (-1) Q + /3 |° +/3 / a C1 ^ Q + 1 ®1T Q + ' 5 

4- 4 
£~ Q 'CV ® ) £-(<*'+« (C a , ® Dp) 

commutes because the composite jg. f a ,a'-a+i tc ®1 i s °f degree —1, and the 
diagram 



£-«C Q ® S-^D^ ° J ) S-(«+«(C7 Q ® Dp) 

4-- 4^ 
E-«C Q ® E-^'Dp, ; -4 £-(<*+£') (c Q ® Dp,) 

is also seen to commute, after we permute tc ® Td with 1 ® gp,p/_p_i. 

he conclusion follows. □ 
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Definition 5.13. A group-object in the category 1r is a right mapping sequence 
{Cj, /*,*} equipped with a morphism 

M : {Cjj /*,*} ® /*,*} * {Cji /*,*} 

In the case where Cj = C"(i-fold iterated tensor product), and the morphism fi 
just sends each C % <E) & isomorphically to C l+j we will call {Cj, /*,*} a /ree group- 
object of Tfl. It is not hard to see that {/*,*} of a free group object is determined 
by {A,*}- 

The following is immediate: 

Proposition 5.14. The mapping telescope of a group-object of Xr is a DGA- 
algebra. 

Here are some examples of mapping telescopes and group-objects: 

Example 5.15. et C be a chain-complex and let {/*,*} all be zero. Then the se- 
quence {C\ /*,*} is a free group-object whose associated mapping telescope T{Ci}^ 
is nothing but the tensor algebra of T,~ 1 C. 

We also have the following interesting variation on this example: 

Proposition 5.16. Let C be an Aoo-coalgebra with C = 7L © C (where Cq = Z) 
and define 

/ M = (-l)( 4 + 2 )(* +1 )/ 2 A. i+2 : C - C t+2 
where Aj-.C — > C 3 is the A^- structure. Then {(7*, is a free group-object. 

Remark 5.17. The factor (-l)( 4 + 2 )( l+1 )/ 2 is equal to the composition of 

T ® • ■ •<£> T 



z+2 factors 



with 



Proof. We must verify that the identities in |5.4j are satisfied. The statement that 
{C\ /*,*} is a free group-object implies that 

= (-l)0'+ 2 )0'+ 1 )/ 2 




(5.5) 



k 



/3=1 ^ 



A 



i+2 



= y"(_l)(2/3+i)(j+l)/2 x 
/3=1 ^ 



position /3 

5 Aj +2 <8> 



position /3 



by a recursive application of 5.11. The identity in 5.6 gives us: 



^2(-l) a fi+a,j-a ° fi,a-l + (-1)- 7 ^i+J+l ° fi, 
a=2 

+fi,j ° <9i = fi+l.j-1 ° fifi 
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If we compute fi+ a ,j-a ° fi.u-i in the case where i = 1, we get 

/9=1 

1 ® ■ • ■ <g> Aj- +2 -a ® • • • ® 1 oA a _! 

S v ' 

position /3 

= AS^(-l) ( ^ 1)0 ' +1 - a) A i+ 2-o 0/9 A a _i 

i8=l 

^ ( _ 1)fe A+fc+A Afc 0ji _ fc _ A+1 An _ fe _ a 



A=l 



where 



/3 = n - k - A + 1 

a = n — k 
3 = n - 2 

^4 = (_l)0'+2-a)0'+l-a)/2 

= (_l)fc(k-l)/2 
5 = (_l)(«-l)(«-2)/2 

_ j_-|\(n-fc-l)(n— fe— 2)/2 

or 

k = j + 2 - a 
A = a-jS + l 
n = j + 2 

This implies that 

(5.6) {-^Yf a ,j-a ° /o,a-l 

n— & 

= ^(-l) feA+A+fc A fc o„_ fc _ A+1 A„_ fc _! 

A=l 

Now we compute 

_ ^_2-j(/c 2 -2fe+l)/2+(ri 2 + fe 2 -2nfc-2n+2fc+2)/2 

— ^_2)( 2fe2 + Tl2 - 2 ™ fc - 2Tl + 2fe + 3 )/ 2 

— (_i) fe2 + fe ~ nfe + 1 +( n2 ~ 2 "+ 1 )/ 2 
_ j-_2)« fe + 1 +"( Tl - 1 )/ 2 



since k 2 = k (mod 2). Substituting this into 5.6 gives: 

( — l) a /aj-a ° /o,a-l = 



i — k 



.(_!)»(»-!)/!> £ ( _ 1)fc A+A+* Afc o„_ fe _ A+1 A n _ fe _! 



A=l 



and the conclusion follows from [LlJ and |5.6| . 
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We also make the dual definition: 

Definition 5.18. A cogroup- object in the category Tl is a left mapping sequence 
{Ci, /*,*} equipped with a morphism 

*:{Ci,/.,.}-»{Ci,/.,.}®{Ci,/.,*} 

In the case where C< = C l (i-fold iterated tensor product), and the morphism 
5 just sends C 1 <S> & isomorphically to C 4+J we will call {C /*,*} a free cogroup- 
object of %l. It is not hard to see that {/* *} of a free group object is determined 
by {/i,*}. 



The following result is the dual to |5,lq : 
Proposition 5.19. Let C be a Aoc-algebra with structure map 

5 :2l->End(C*) 
with C = Z 8 C and C = Z. Tften 

(5.7) S= ^C^C^^C^^Z 

is a free cogroup object in %l, where the {fij} are given by 

h,j = (.-l)V + *W +1 V 2 g{5) j+a y.&+* - C 

Proof. The proof is very similar to (we take the duals of all of the maps 

there). □ 

5.3. The cobar construction. The cobar construction is a functor from the cat- 
egory of DGA-coalgebras to that of DGA-algebras first defined by Adams in [JlJ, 
who proved that it gave the chain complex of the loop space of a pointed simply- 
connected space. One of our main results will be that it is a functor 

J: 9Jt -> Sj 

— in other words, the cobar construction of an m-coalgebra comes equipped with 
an m-structure. This makes it possible to iterate the cobar construction, solving a 
question first posed by Adams. 

We will give a somewhat nonstandard definition of the cobar construction that 
will be useful in constructing its m-structure. 

Corollary 5.20. Let C be a Aoo-coalgebra with structure map 

g:Vl^ CoEnd(C) 

with C = 1 © C, where C = Z. Then (by \5ldj) 

(5.8) Z^^C^>C®C >••• 

is a right mapping sequence and fi,j}is a free group-object in 1r and we define 
its associated mapping telescope T{(7 > , /i,j}-> to be the cobar construction of C . 
This is denoted T '(C). 
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Remark 5.21. Since {C l , fij} is a free group-object, it is clear that J-{C) is a free 
DGA-algebra. 

It is not hard to see our definition of the cobar construction produces something 
isomorphic to the standard cobar construction (as defined in [Q, [Q, or |Q) in 
which J-{C) — T(C) (the tensor algebra), equipped with the differential 

oo 

d r{c) l^C = 9 (s -i e) « + J2 i ® • • ' ® i °f(®i)° T 

and required to be a DGA-algebra. The isomorphism in question is 

(-l)^"- 1 )/ 2 I g . . . & I o t n : E^C" -► (E^C 1 )" 

n factors 

on this direct summand, where 

(-l)"(«-l)/2 j g,...® | 

S v ' 

n factors 

The cobar construction comes equipped with surjections to the truncated cobar 
constructions: 

(5.9) T{C) -> T n {C) = F 1<n 

(see ^4] for the definition of Fi t „). The T n {C) form an inverse system with !F{C) 
as inverse limit. 

Claim 5.22. Although the cobar construction was defined for an m-coalgebra, it 
can be defined for an arbitrary coalgebra, C, over an operad. There is only a slight 
problem if C\ ^ — in this case, {TC)q will be infinitely generated. In particular, 
if C finitely-generated in each dimension and is concentrated in dimensions < 0, 
TC is perfectly well-defined and finitely generated in each (negative) dimension. 




Definition 5.23. The map I: C -> F(C) that sends c £ C to E -1 c e T{C) is a 
twisting cochain. The corresponding twisted tensor product, C ®i J~{C) is well- 
known to be acyclic an d is called the canonical twisted tensor product of F{C). 

We can expand on 5.2C to get a mapping sequence for the canonical twisted 
tensor product: 



Proposition 5.24. Let C be a Aoo-coalgebra with structure map 

g: 21 -> CoEnd(C) 
and cobar construction F{C). Then 

(5.10) V= C^^C^C^^C^C 2 >■■■ 

is a right mapping sequence, where C = 7L®C , p:C ^ C is the projection, and the 
{fij} are gi ven by 

fo,j = {-iy U+1)/2 l®p J+ ioA ]+2 :C^C®& +1 
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and, for j > 

fi,j = ]T(-i) (2q -^ +1)/2 i®i®---®a j+2 



position a 

+ (_l)(2i-i)(j+l)/2 1 ® p . +l Q Aj+2 g, j 

where Pj+i = p® ■ ■ ■ ®p: C 3+ — > . TTie associated mapping telescope, 

j + l times 

T{C 1 }^, is isomorphic to C ®iT{C). 

Remark 5.25. The composite Pj+i ° A J+2 is effectively A J+2 unless j = 0, in which 
case its kernel is Z. For j > 0, the the image of A J+2 does not contain a factor of 

leZcC. 

The mapping sequence 5.10 is the result of perturbing the tensor product, C (8 
{G l , fij}, where {C\ fij} is the mapping sequence for J-{C). Because {C\ fij} is 
a group-object in 1r and the boundary maps defined above coincide with those of 
{C l , fij} when restricted to this factor, it follows that there exists a morphism 

V®{C\f^}^V 

so that V is a right-module object in 1r. 

Proof. This is very similar to the proof of 5.16 and 5,20] — we hav e formed the 
mapping sequence representing the tensor product C®T{C) using 5.11 (regarding C 
as a mapping sequence concentrated in the th term) and added a term representing 
the twisting cochain. □ 

Now we define the notion of equivalence of Aoo -structures: 

Definition 5.26. Let 9\ be an operad that possesses an Aoo-structure. Two A, x 
structures on 9\ 

will be called equivalent if there exists a map 

of degree +1 with the following property: For every coalgebra C with *H-action 

g: V\ -» CoEnd(C) 

the map 

oo 

(5.11) 1 + V | ® ■ ■ ■ ® i o#(3„))o T: £ _1 C -» (E^C)® 

n=2 7"" 

n factors 

induces an isomorphism of DGA-algebras 

Here, !Fi(C) are the cobar constructions formed using fi, i = 1,2, respectively. 

52 



Justin R. Smith 



OPERADS AND ALGEBRAIC HOMOTOPY 



Proposition 5.27. Under the assumptions of 5.2t , the A^- structures f\ and fi 
are equivalent if and only if 

(5.12) $(3,)o9 + ao$(J),) 

= E E(-i) j+A+jA / 2 (^) °,_ A _ i+1 

8 

(_i)«+i:i<c,o< J (^+i)^ 

j=2 fciH hfcj =g 

■$(2) kl )o 1 ...$(3) fcj )o J . /!(©,•) 

Remark 5.28. Although we've appealed to the published proof of this result in 
|l5[ Definition 3.4], we could have regarded the equivalence of ^loo-structures as a 
homotopy of the identity map of the mapping sequence for the cobar construction. 

Proof. A lengthy computation (see De finition 3.4]) shows that equivalence of 



Aoo-structures implies an equation like 5.12 in CoEnd(C). The corresponding equa- 



tion in 9t will hold if there exists a coalgebra, C, over 9t such that the structure 
map 

-» CoEnd(C) 



is injective. But this follows from 2.5C . □ 



Proposition 5.29. Let 9\ be an Eoa-operad. Then 91 possesses an A^,- structure, 
and any two such structures are equivalent. 



Proof. This follows from |5.27| and the acyclicity of an i?oo-operad's components. □ 



5.4. The bar construction. The bar construction was defined by Eilenberg and 
Mac Lane in a series of papers beginning with jH). They used it to compute chain- 
complexes of Eilenberg-Mac Lane spaces. They showed that the n-fold iterated bar 
construction of the ring Zir is chain-homotopy equivalent to the chain-complex of 
the Eilenberg-MacLane space K(ir,n). 

The bar construction is dual to the cobar construction in a certain sense (and 
historically preceded it) and is defined over Aoo-algebras. 



Recall that an ^4oo-algebra is a algebra over 21 — see |L2| and |4.4 . 
Definition 5.30. Let C be an ^^-algebra with structure 

/: 21 -h. End(C) 

with C = Z © C and Co = Z and consider the left mapping sequence defined in 
|^20: 



(5.13) B= >C®C^ 1 ^C— 

where is a free cogroup object in %l, where the {fi,j} are given by 

We will define the bar construction, B(C), of C to be the left mapping telescope of 
B. 
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Remark 5.31. The more traditional definition defines the differential via 

pod s =] od c ° I +E T o/(3) n ) o I® ■ ■ ■ ® j: (514)® -> SC c B(C) 

n=2 V 7^! 

n factors 

where p: (EA)® — ► S^4 and extended to all of 8(C) by requiring it to be a free 
DGA-coalgebra. 

The defining identity for an Aoo-algebra is equivalent to the differential on the 
associated bar construction being self-annihilating — see | p5| , § 3]. 

The following result shows how the bar and cobar constructions are mutually 
dual: 

Proposition 5.32. Let C be an A^-coalgebra with structure morphism 

/:»-► CoEnd(C) 

and let A be a DGA-algebra. Then the Aoo-coalgebra structure on C induces an 
Ape- alg ebra structure on the hyper-chain complex Homz(C, A) (via the cup-product 
map in 4Ji) such that there exists a natural morphism of chain complexes 

B(Hom z (C, A)) -» Rom z (F(C),A) 

Remark 5.33. This is not an isomorphism unless C and A are finitely generated n 
all dimensions, and A has no zero-divisors. 



Proof. We appeal to l.l to get an Aoo-module structure on Hom%(C,A). The 
conclusion follows from 5.10| , 5.16| , |5.20 , and 5.30. □ 



It is possible to define morphisms of Aoo-algebras in a manner that is entirely dual 
to the definition of morphisms of ^loo-coalgebras. We get: 

Definition 5.34. Given two Aoo-algebras (A, {jli}), {A' ,{m'j}), a morphism from 
A to A' is a family of maps {/i}, where fi is of degree i — 1, satisfying: 

E E (-^ 1 ^ < ^ ika+1)k0 m , j o(f kl ®...®f k .) 

j=l fej-l \-kj=q 

= E Em^+^Wi o (i A ® mj ^ i H . A ) 

3=1 A=0 

Remark 5.35. See Jl^, § 3]. Morphisms of ^4oo-algebras induce DGA-coalgebra 
morphisms of the associated bar-constructions. This can, in fact, be taken as their 
definition. 

6. Operad actions on the cobar construction 
Given an m-coalgebra C, we may form the following chain-complexes: 

T{C) 
C ®i T(C) 

We will show that both of these construct come equipped with canonical m- 
coalgebra structures (that will turn out to be geometrically valid). Since our con- 
struction is fairly complex, we begin with an overview: 
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Let, C, be an m-coalgebra with structure morphism 

(6.1) <K -» CoEnd(C) 

According to 5.20| , we can regard T{C) as the mapping telescope of a mapping 
sequence {C l , fij}, where /jj is a linear combination of terms 1 <g> • • • ® A j <g> 
■ • • (g> 1 . Proposition 5.11 implies that we can make a similar statement about 
T(C) n . Consequently, we can express Homg (C,J 7 (C) n ) as a mapping telescope of 
a mapping sequence {Hom z (C, C 4 ), Hom z (l, fi,j)} where the fij are maps of the 
form Hom z (l, 1 ® • • • <g> Aj (g> • • • <g> 1). 
The m-structure of C defines maps 

5K„ -^Hom z (C, C 4 ) 

We use these maps to define a mapping sequence of the {5R„}and a morphism 
from it to the defining mapping sequence of the cobar construction. This gives rise 
to a morphism of mapping telescopes: 

t:Z n (m)^Rom z (C, (T(C)) n ) 

that represents the first stage of our construction. 

Now, we dualize the Aoo-coalgebra structure of C in Hom z (C, (J-(C)) n ) to get 
an A^- algebra structure on the cochains (using the product-operation of {J-{C)) n 
and the results of appendix [X]) , compute a product-oper ation on Z n (£K) such that 
the map l respects products and higher products. We use 2.4S to conclude that the 
prod uct operation on Z n i^K) actually makes it an Aoo-algebra. Now we appeal to 
|5.32| to get 

B(Z n (£R)) B(Hom z (C7, {T{C)) n ) - Hom z (^(C), {T{C)) n ) 

which implies the conclusion. 

We carry out a similar construction f or t he functor C ® a J~{C) — we derive a 
functor y(£H) with a canonical map (see |6.5| ) 

K„(CoEnd(C)) -> Hom z (C, (C ® A T{C)) n ) 

This Y"-functor is defined very much like the Z-functor described above except that 
it is not an j4oo-algebra — instead, it is an Aoo-module over £(*) (see|6~10|). We 
will then show (see |6.12[ ) that there exists a canonical map 

F„(CoEnd(C))* p L(CoEnd(C)) -» CoEnd(C ® A F{C)) 

where if- is just a twisted tensor product written as Fiber x Base rather than 
Base x Fiber (this is the reason for using this notation). We, consequently, get a 
structure map 

y B (3*)*p£(!K) -> CoEnd(C ® A H c )) 

Note that the m-structures of TC and C ® a TC (the canonical acyclic twisted 
tensor product) are directly induced from the m-structure of C in the following 
sense: 

1. We regard TC as a direct sum of tensor products of desuspension of copies 
of C. 

2. In phase 1, we compute a first approximation 

(6.2) f:Z ^Rom z (C,TC n ) 
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to the structure map of TC by taking direct sums of desuspensions of the 
structure map of C. For instance, on the direct summand 

Hom z (C ! (S- 1 C) 2 ® (E^C) 3 ) C Hom^C^C 2 ) 

we note that there are a total of 5 copies of C and desuspend the structure 
map 

55 :«5^Hom z (C, C 5 ) 

(for the unsubtle reason that it maps to a tensor product of 5 copies of C) . 
Of course, this wreaks havoc with the group-action of S5. It turns out that 



this procedure makes sense only if Z in 6.2 is a direct sum of desuspensions 
of components of 9\ — equipped with a redefined symmetric group-action. In 
the example above, we would use S~ 5 9^5 and index this as (2,3) (expressing 
that it really maps into Hom z (C, (S _1 C) 2 <g> (E^C) 3 ). We drop the (now 
meaningless) action of S§ on S _5 9l5 and replace it by an action of S2 that 
carries £~ 5 £Rs indexed as (2, 3) into another copy of T,~ 5 9{ 5 indexed as (3, 2). 

We finally get Z n (9l), which, for every k, contains (3(k, n) copies of T,~ k 9ik- 
Here, (3(k, n) is the number of partitions of k into n parts. This is equipped 
with an S^-action. 

3. We're not done however — even with our first approximation. The boundary 
map of TC is different from that of T(E _1 C) (the tensor algebra). We solve 
this by perturbing the natural differential of Z n (9\) (i.e., the one inherited 
from 9V) via compositions (using the operad structure of 5H) involving the 
coproduct of C. 

4. In phase 2, we use the duality theorem to get a map 

BZ n {m) -> Rom z (TC, TC n ) 

for all n > 1. 
Proposition 6.1. Let 

(6-3) Z © W=1 C" © |a|=a O > • • • 

be the n-fold tensor product of the mapping sequence that defines the cobar con- 
struction (see 5.L and 5.l\ ), where 



1. c = z©c 

2. a is a length-n sequence of nonnegative integers with \a\ = X)"=i ai - 

3. C a = ^>^ =1 C ai — C' a ' — we distinguish terms corresponding to distinct 
-n sequences, a. 



Form the induced mapping sequence by applying the functor Hom z (C, *) to 6.6) 
We may fill this mapping sequence out to a diagram 

0|a|=i 

g 

■ ■ ■ ► Hom z (C7, ©. ,_. C a ) 

where: 



1. /<,» = Hom z (l, / i) ») 3 
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2. U\ a denotes 9ti Q i, but we distinguish copies of Stui distinct sequences, 
a adding up to the same \a\. Summation in Q\ a \ = k^-a is over all length-n 
sequences whose total is k. 

3. all vertical maps are structure maps of C (as an m-coalgebra). The summand 
9ta C ©| a | = fc with a — {ai, ...,a n } maps to the summand C a in the 
n-fold tensor product of the mapping sequence for F{C). 

Then, there exist maps (represented by dotted arrows) that make every square in 
the diagram 



: -> 0|a|=i 

9i 



Ho mz (C,0, , .6") 



{/*-!,»} ' ' {/»,,} 



commute. 



Proof. The only thing to be proved is that the maps fij pull back to the upper 
row as maps of the {Dttj}. But this is an immediate consequence of: □ 



1. the definition of the /y as suitable compositions (see 5.8 and 5.11 ), 

2. the definition of the action of on C. 

In fact, it is not hard to write down a formula for the Zij: 

— <W,j,l + <Pi,j',2 + • • • + (f>i,j,n 

with n terms, where 



fc = ( _l)(fc-i)«^ ( _ ir +i A 



j+2 ° a +(k-l)n * 

The expression for 4>i,j,i is clearly a direct translation of the equation for fij 

in 5.2C into compositions in {£K n }. The term <f>ij,k represents a translation of 

1 <8> • • • O fij O • • • ® 1. 
v „ ' 

fc th term 

We have the parallel result (with a virtually identical proof): 
Proposition 6.2. Let 

(6-4) H=O C a ' _2_> © w=1 & ^ © |al=a (7*' ► • ■ ■ 

bethe n -fold tensor product of the mapping sequence that defines C <S>£ T(C) (see 



5.24 and 5.11 ), where 

1. C = Z©(7 

2. a is a length-n sequence of nonnegative integers with \a\ = Yli=% a i- 

3. given a — {a.\, . . . , a n }, a' — {a% + 1, . . . , a n + 1} 

4. C a = <S>™=i ® C ai — C n ® C*'"' — we distinguish terms corresponding to 
distinct length-n sequences, a. 



Form the induced mapping sequence by applying the functor Homz(C, *) to 6.4}. 
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We may fill this mapping sequence out to a diagram 

0|a|=i 

9i 



■- >Hom z (C, C n+1 )— >■■■ 



where Uj,* = Homz(l,f,^) and all vertical maps are structure maps of C (as an m- 
coalgebra). Then, there exist maps (represented by dotted arrows) that make every 
square in the diagram 

; ' ^e„ {y ^->... 



{Vi-l,,} 



>Hom z (C, C n+i ) 



commute. 



Proof. In this case, we translate the formula in 5.24 into compositions in {9t n } 



Vi,j = 4>iJ,l + 4>i,j,2 H h <j>i,j,n 

with n terms, where 

i 

<fH,o,k = h,k ® 1 + (-l)"^- 1 ) ^(-1) Q A 2 o n(fc _ 1)+a+1 

a=l 

for j = and and, for j > 

i 

. fc = (_i)«(*-D ^(_i)«A i+a o n(fc _ 1)+a+1 * 



+tj+l,k ° Aj+l°n(k-l)+l 

where t*,fc:9tmn —> ^mn+i represents the inclusion induced by raising all indices 
The expression for (j>i,j,i is clearly a direct translation of the equation for fcj 



in 5.20 into compositions in {9^„}. The term (f>i,j t k represents a translation of 



1 



1. 



□ 



k th term 



Although every square commutes in diagrams 3.1 and 5.2, we cannot a priori con- 
clude that the upper rows of these diagrams are mapping sequences. The following 
result implies this: 



Propos itio n 6.3. The upper rows of 6.1 and 6.i are mapping sequences in the 
sense of 6.S. 



Proof. We know the following two things about the upper rows of iA and p.2| : 

1. They are independent of C 

2. The composites of the maps {zi j} and {yij}, respective ly w ith the corre- 
sponding vertical maps satisfy the defining identities (see 5A) of a mapping 
sequence (because every square of the diagrams commutes and because the 
lower rows are mapping sequences). 
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It suffices, therefore, to find a C for which the vertical maps i n diagrams GA and 
are injective. But the existence of such a C follo ws fr om 2.5C and Claim 5.22 (which 
implies that we can use the coalgebra given by [2.50 even though it is concentrated 
in dimensions < 0). This completes the proof. 

□ 



Corollary 6.4. Given an m-coalgebra C over an A^-operad, 9\, there exist chain- 
complex morphisms 

. i n :Z^(m) = 1M0 |qM 9V^-} -> Hom z (C,^(C)") 

. n n : Y^m) = 7M© |aH 3W, Vi,j} -» Hom z (C, (C ®£ F(C)) n ) 

Proposition 6.5. The boundary maps of Z' n (9\) andY^ffi.) are given, respectively, 
by: 

|a| oo 

(6.5) d z \Z-^V\ a = J2J2(- i y +laU+lJ I 1 " 1 ^" 1 o(/(2>i) °, *)° T H 

»=i j=i 

and 

\a\ oo 

(6.6) dY\X-M<R a , =J2J2(- i y +la]j+ij ^ +3 ^ (/(^i) °*+™ *)° T H 

Given a sequence a = {ai, . . . , a n }, we will say that i lies inside the a(i) th -term of 
a if i < 53s=i as anc ^ * s ^ e sma tt es t value with this property. Then the image 
of 

Jja|+J-1 o(/(3 3 ) 0l *)otH (S-|«I^ Q ) 

is defined to lie in 

— | a | +j — 1 a> 

Remark 6.6. In the boundary map of Homz(C, (T,~ 1 C) N ) C Homz(C, •F m (C) n ), 
all factors of (E^C)^ are on an equal footing. We only make distinctions between 
the various factors of !F(C) that they represent when we decide where the image of 
the boundary map lies. 

Note that when \a\ = 0, the boundary map of Y is identical to that of fH. 

We define: 

Definition 6.7. Let m = {m n } be an A^-operad and let Z' n (JR) and F'(9t) be as 
defined in|6.4 Define Z n (%\) and Y^(9t), respectively, to be the results of truncating 
Z' n (SfK) and Y^ffi) in dimension —1. In addition, we equip Z n (9\) and Y n (d\) with 
a ZSVi-action defined as follows: 

if a € XH Q '9i Q , a G S n then cr • a = Parity(T Q! . u ... iQ!ra (a-))T ai) ... ian (<7) • a where 
the product on the right-hand side is taken in XH Q I*K| Q | and the target is regarded 
as an element of S - ' a '9 : t — i/ ai 0n v. Here a~ 1 {ai, . . . , a n } — {a CT (i), . . . , a a ( n -)} 
is the result of permuting the elements of a via cr -1 . Note that we are defining the 
action of S n to permute the summands of Z n (9K), as well as twisting it by the parity 
of the permutations. We define a corresponding action on Y n (9\) by replacing the 
sequence {ai, . . . , a n } by a' = {«i + 1, . . . ,a n + 1}, 
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Proposition 6.8. Let EH be an operad with two -structures 

and with n- components that are l<S n -free for all n > 1. Then any equivalence 
between f\ and /a induces canonical isomorphisms of chain complexes 

z n (m,d fl )^z n (m,d h ) 

and 

Y n (EH, dj 1 ) — > Y n (EH, df 2 ) 

Proof. We begin with an observation: Any Aoo -structure on EH induces one on 
CoEnd(C). It follows that we can form Z„(CoEnd(C)) and y n (CoEnd(C)) and 
that there exist canonical morphisms 

(6.7) u: Z n {m) -> Z„(CoEnd(C)) 
and 

(6.8) v. Y n (EH) -» r„(CoEnd(C)) 

It is also not hard to see that these morphisms will be injective if the m-structure 
morphism of C is. 

Claim 1: The morphisms 

i„:Z;(CoEnd(C)) -» Hom z (C, F(C) n ) 

and 

K n : y T ;(CoEnd(C7)) Hom z (C7, (C ®z T{C)) n ) 

are isomorphisms. This follows from the fact that the maps in stage of the cor- 
responding mapping telescopes are isomorphisms. We conclude that equivalent 
Aoo-structures give rise to isomorphic Z ra (CoEnd(C)) a nd y n (CoEnd(C)). 



Claim 2: The images of u and v in equations 3./ and 6.S are independent of the 
Aoo-structure since they are induced by structure maps of C (which only depend 
on the m-structure of C) . □ 



Now we appeal to 2.5d| to co nclud e the existence of a coalgebra, C, with injective 



structure morphism. Claim |5.22| implies that this coalgebra does not have to be 
an m-coalgebra. In this case, both Z„(EH, 9/J and Z„(EH, <9/ 2 ) will have the same 
image in Z„(CoEnd(C)). The corresponding statement holds for F n (EH, 9^) and 
Y n (%d h ). 

Corollary 6.9. Lei EH be an E^-operad. Then the chain complexes 

Z„(EH),T(/)) 



are uniquely determined up to an isomorphism. 



Proof. See and 6J3 



□ 
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Corollary 6.10. IfSK is an operad with an A^- structure with structure map 

and y\i is ZSi-free for all i, then (Z n (9t), {t„(/(Afe))}) c onsti tutes an Aoo-algebra 
for all n > 1 where t„:^H — > End(Z„(£H) is defined in A.l in appendix In 
addition, there exists a map 

Y n (m, d f ) ® z n (m) ® • • • ® z„(5n) -> r„($n, 9/) 

/or all n > I making Y n (9t, df) a right A^-module over Z(9K). 

Remark 6.11. Although appendix |X] gives the details of this Aoo-structure, we will 
summarize some salient features: 

• If C is an m-coalgebra over 9t, its structure map sends this Aoo-product to 
the n atural Aoc -algebra structure on Hom z (C, (FC) n ) defined by duality (see 



On summands of Z n (9i) (as defined in 6/7) it is a map 



t n {f{A k ):Z 01 {K)®---Z 0k {VK)^Z a {VK) 

where: 

1. each (5i is a length-n sequence of nonnegative integers 

2. a is a length-n sequence of integers equal to the elementwise sum of the 

ft 



On summands of Z n (^SK) (as defined in 6_/7) it is a map 



t„(/(A fc ): K ft (9t) <» • ■ ■ Z A (91) -> Y a (5R) 

where: 

1. each /3j is a length-n sequence of nonnegative integers 

2. a is a length-n sequence of integers equal to the elementwise sum of the 

ft 

Proof. Our first claim is proved in a ppendix [a|. Our second claim follows by a 
variation on the construction in [A.7| : we replace each term of f3\ by itself + 1 in 
all the subscripts in diagram A^ in appendix [a[ The conclusion follows from the 



definition of the Y n (fR,df) — particularly the fact that they were defined exactly 
like the Z n (9{, df) with a shift in indices. □ 

Corollary 6.12. Let C be a coalgebra over the E^-operad 9t. Then there exist 
morphisms of 7LS n -chain complexes 

(6.9) h*:B{Z n {<R)) -> Hom z (^(C7), T(C) n ) 
and 

(6.10) g: Y n {X, 9/)* Pn B(Z n QR)) -» Hom z (C ® t T{C), (C ® t T{C)) n ) 
where p n :B{Z n (^fK)) — » Z n {y\) is the canonical twisting cochain that makes 

Z n (m,d f )* Pn B(Z n (1R)) 
acyclic and Y n (y\, d f)-k Pn B(Z n {^\)) is the corresponding twisted tensor product. 
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Remark 6.13. We have written Y n (OK, df)jc Pn B(Z n (9\)) for the twisted tensor prod- 
uct in this result because it is of the form fiber x base rather than the usual 
base x fiber. 

If F is a DGA-algebra, the transposition map defines a canonical isomorphism 
of chain-complexes T: F+ x jC = C ® x F, where C is the DGA coalgebra with 
the same underlying chain-complex as C, but whose coproduct Ac = T o Ac and 
Ac is the coproduct of C. Here is the twisted tensor product formed with respect 
to the coalgebra structure of C and the Aoo-algebra structure of F. 



Proof. The first claim follows from 5.32. To prove the second, let 



h: B(Z n (m)) ® T{C) -f T{C) r 



be the adjoint of h* in p.9| and let 

K n :y n (JK)®C-> (C ®t T{C)) n 

be the adjoint of K„ defined in |6^ . We form the tensor product 

R n <8> h: Y n (m) ® C ® B(Z n (!K)) ® ^(C) -» (C ®< ^(C))™ ® JF(C)" 

Now we compose this on the right with the map /i„: (C ®i J r (C)) n <g> .F(C)" — > 
(C <g>^ JF(C))" defining the action of ,F(C7) n on (C .F(C)) n and with 1 <g> T (g> 1 
on the left to get a map 

g*: Y n QR) ® B(Z„(9*)) ® C ® ^(C) -> (C ^(C))" 

The tensor products on the left are all untwisted, but a simple computation shows 
that the effects of replacing Y n (fR) <g B(Z„(9t)) by Yn(K)*p„B(Z n (9t)) and C <g> 
T{C) by C ®iJ-{C), respectively, exactly cancel out (when mapped by v*), giving 
a map 

g*:Y n (V\)* p B{Z n {M)) ® C <g>, T{C) -» (C ®< ^(C)) n 
that is the adjoint of the map, i>, that we want. □ 

Our final observation is that we can pull back the composition-operations of 
Homz(^ r (C), T{C) n ) to get an operad structure on 6(Z„(CoEnd(C))) that makes 
the map h* , defined above, into a morphism of operads. For a detailed description 
of these composition operations, see § [^. 

Proposition 6.14. Let $H be an Eoo-operad. Then the composition operations de- 



fined in BA make L'(9\) = {B(Z n (9\))} into an operad- coalgebra. 



Proof. That L'QR) is an operad follows from the fact that Z/(CoEnd(C)) is an 



operad for any comodule over an E^ -operad (by the discussion preceding B.l) and 



2.50 and 5.22 . That these composition operations commute with the coproduct of 
B(Z n (m)) follows from: 

1. the definition of the coproduct 

k 

A([n| . . . \r k ] =y^[ri|... In] <g) [r i+ i \ . . . \r k ] 

i=0 



2. the fact that [s x | . . . \s t ] o t [n| . . . \r k ] = [r£| .. . \r' k ] (by p.lj ), 

3. for each term of A([ri| . . . \r k ] only a single term of A[si| . . . \s t ] will have a 
nonzero composition with it. This follows from the fact that [s% \ . . . \st] °, 



[ri| ... \r k ] = unless t = £* =1 &i,z (in gU ) 



□ 
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We will conclude this section by deriving a variation on that is E^ -whenever 

9\ is an -Eoo-operad. We begin by observing 

Proposition 6.15. is an E^-operad, then there exist twisting cochains 

c n :RS n -> Z n (m) 

for all n > 0. These are formed with respect to the Aoo-structure defined in \A.% 

Proof. This is a straightforward consequence of the fact that the Z n (%\) are acyclic 
in above dimension — 1 if 9\ is E^. We can use the identity that a twisting cochain 



must satisfy — |4.10| — to compute c„ inductively. We set c„ = 0z a , where 
a = {«!, . . . , a n } is a sequence of nonnegative integers and the direct sum is taken 
over all such sequences. 

We begin the induction by requiring that z Q :RSi — > sends 1 £ RS\ to 

S _1 1 whenever a is a sequence with a single nonzero element equal to 1. The 
identity for a twisting cochain allows us to extend this to canonical basis elements 
of RS n in higher dimensions and we extend it to all of RS n by setting 

z a (a ■ a) = paiity(cr)T Qli ... jan (cr)z ff -i( a )(a) 

□ 

In [Q, I developed software for computing the {z a }. In the present paper, our 
main interest in them will be: 

Corollary 6.16. If 9t is an E^-operad, then for all n > there exist coalgebra 
morphisms 

B(c n ):RS n - B(Z n (m)) 

inducing morphisms 

H {RS n ) =Z^H Q {B{Z n {<R))) 

The pullback of these morphisms over the projection B(Z n (yV)) — > H (B(Z n (9l))) 
is an Eoo-operad coalgebra, L n (%K), with the property that T{C) is an m-coalgebra 
over L(9\) if C is an m-coalgebra over^K. 

The twisting cochain p:B(Z n (9\)) — » Y n (9{) restricts to a twisting cochain 
p n :L n {y\) — > Y n (9{) such that the twisted tensor product Y n (?R)-jfp n L n (?y{) is 
acyclic in positive dimensions. 

The composite inclusion 

m n c y„(9t) c Y n (m)* Pn L n {9i) 

induces a map 

H (RS n ) = Z H Q (Y n (tR)+ Pn L n (m)) 
The pullback of these maps over the projection 

Y n (m)+ Pn L n (m) -» H (Y n (1R)+ Pn L n (Vi)) 
is an Eoa-operad, J(9t) = { J n (SfK)} such that C <8>a TC is a coalgebra over it. 

Remark 6.17. We view Ho(RS n ) = Z as an operad concentrated in dimension 0. 

The maps B(c n ):RS n — > B(Z n (d\)) are useful for performing explicit computa- 
tions of cohomology operations on the cobar construction. 



Proof. To conclude that the pullbacks can be taken, we invoke 2.27. □ 
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Corollary 6.18. The functor, J-(*), that maps an m-coalgebra C over an E^- 
operad 9\ to T{C) over the E^-operad coalgebra, L(9K), defines a functor 

•F(*):07t->£ 

Proof. We must show that it maps equivalent objects to equivalent objects. It is 
easy to see that maps split injections (of C) into multiplicative split injections 
(of J-{C)) and a simple spectral sequence argument shows that maps induced by 
homology equivalences are homology equivalences. □ 

As one might expect: 

Proposition 6.19. Let C be an m-coalgebra over an E^-operad d\. Then there 
exists a morphism of operads 

j(9t) -> m 

supporting a morphism in 3Jlo- 

C ®t T{C) -> C 

Remark 6.20. Note that there is always a canonical morphism of operads 

j{m) -> L{m) 

defined by projection to the base. It is compatible with the inclusion of the fiber in 

TC -> C ® A TC 

The map in the present result is projection to (a suboperad of) the fiber of the 
twisted tensor product, and only exists because of peculiarities in the twisted dif- 
ferential of y n (9t)*p„L n (9l) due to the action of Z n (fK) on Y n (Vt). 

On the other hand, because J(9t) is not really a twisted tensor product 
but only a suboperad of one (namely the pullback over an inclusion of Z in 
Ho(Y n (9\)-itp n L n (%{))), one cannot conclude that there exists an inclusion of the 
fiber 

$K -» J(9t) 

— this fails in dimension 0. 

Proof. Let a — {a\, . . . ,a n } be a sequence of nonnegative integers and let U a 



5H Q| 9i„ +H CF„(SH) be a direct summand (see|J), Note that Y n (m)+ Pn L n (m) D 
J(yK) n contains a summand 

5=/7 {0 ,..., }*p„i„(5H) 

where J7{o,...,o} = S -0 ^ = D\ n . Proposition |B.S| implies that the composition 
operations of U^ } coincide with those of SH. Since the twisted differential of S 
consists of terms 

U{a u ...,a n }^k Pn L n (9{) 



with at least one of the an > (see 6.10 and |A.7|), it follows that we can project 



S to J7{o,...,o} — ^« — despite the fact that it is in the fiber of the twisted tensor 
product. An examination of the composition-operations in Y n (fR,)jf Pn L n (%\) shows 
that this projection is compatible with compositions because, restricted to S C 
Y n (y\)-k Pn L n (9i), they are a perturbation of the compositions of — and the 
perturbations lie in summands 

U{a 1 ....,a n }'^p n L n (9\) 
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with at least one of the a* > 0. 

This projection induces the map in the conclusion. The projection 

C ® x TC -> C 

is clearly compatible with this morphism of -Eoo-operads because the action of 
L n (m) gets killed off. 

Lemma 6.21. (Lifting lemma) Let A, B, andC be m-coalgebras over the operad 
$H and suppose there exists maps in the category 9Jto 

A — ^— > B — ^— > C 

such that g o / = in positive dimensions. Compose the structure map of A with 
the projection 

z-. -» m 

so that A becomes an m-coalgebra over J(9t). Then the map a i— > f(a) ®1 6 
■B ®ao S C £? Oaog TC, for all a € A, defines a morphism in 2Jto 

f'.A—*B ® aog TC = (B ® Q TB) ® TB TC 

Remark 6.22. The qualifier "in positive dimensions" was necessary for our state- 
ment that g o / = 0: All morphism in dJlo induce isomorphisms in dimension 
(which, for any m-coalgebra is equal to Z. 

First, note that the map /' is a chain-map. This follows from the fact that the 
twisting cochain, a o g: B — > C vanishes on im/ C B. So the main thing to be 
proved is that it preserves m-structures. 

Let the structure maps of A and B ® aog TC be 

a.m -> CoEnd(A) 
d: J{m) -> CoEnd(B ® QOg TC) 
As in the proof of 6.19| , let a = {ai, . . . ,a n } be a sequence of nonnegative 



integers and let U a = S ' a 'SH„+| Q | C Y n (D\) be a direct summand (see p.6| ). Now 
reca ll the definition of the action of U a = TT^^fK n+ \ a \ on B ® 1 C B ® a TB in 



3.2| : the summand C/{o,...,o} = ^-n acts on B ® 1 in exactly the same manner as £K„ 
acts on B. Consequently, the fact that /: A — * i? is a morphism in 5Ho implies that 
the action of Yq on im/' is compatible with the action of 9\ on A. It follows that 
it will suffice to show that the kernel of 

z: J(«H) -» fR 

acts trivially on B ® aog TC, at least when restricted to im /' — or 

0(kerz)(im/') = 
In the notation of |6.2| , kerz consists of 

1. Y n (9l) ® L„(1H) + , where L n (d\) + denotes anything above dimension 0. 

Our conclusion in this case follows simply by the definition of the m- 
structure of B ® a TB since the image of /' consists of elements of the form 
e®leB8 TB and the action of L n (9\) + on 1 6 TB is trivial. 

2. the summands 

u a (8 L(m) c Y(m) ® p L{m) 

with \a\ > 0. 
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In this case, our conclusion follows from the fact that we are really interested in the 
m-structure of (B (g> a TB) ®fb TC — and the action of im/' on TC gets killed 
off by the map TB — ► TC. 
This completes the proof. 

□ 



7. FlBRATIONS IN 9Jt 

In this section we will consider an analogue to fibrations in the localized category 
Wl. We will be particularly concerned with the homotopy fiber of a morphism. 
We begin by defining the homotopy fiber of a morphism: 

Definition 7.1. Let m — A > Z < B be a morphism in Tl from A to B 



in canonical form (see 3.18 ), where / is a morphism in WIq and i is an elementary 



equivalence in DJIq. Then we define the homotopy fiber of m to be 

F(m) = A ® aof TZ = (A ® Q TA) ®jr A TZ 
This comes equipped with a canonical projection 

p: F(m) — > A 



Remark 7.2. Note that we only get a twisted tensor product with an object equiv- 
alent to B in dJl — not B itself. This is due to the fact that there may not even 
exist a twisting cochain 

A — > TB 

The point is that, a priori, twisted tensor products are only defined for morphisms 
in £Dto — which are actual maps. 



Proposition 7.3. Under the hypotheses of 7.1, the homotopy fiber of a morphism 
in 9JT is well-defined. 

Proof. There are several cases to consider: 
1. Replace A by A' equivalent to it 

J 1 „, -? 2 

A' > Z' < A 

where j\ and j% are both elementary equivalences. If we combine this equiv- 
alence with the morphism above, we get 

A' Z' ^— A Z ^— B 



and we put this into canonical form (see |3.1q ) by taking the push out 



T 

a K 



a i 31 „ , ' 32 f '■ L 

A' > Z' < A ► Z i B 



where j2 and V2 are elementary equivalences in VJIq. The commutative square 
in the center implies that 

Z' ® a0Vl T = A ® a0 f Z 
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and the fact that ji is an elementary equivalence implies that 



A' 



yaov-i oji 



as objects in 971. 

2. Now we consider the case where B is replaced by an equivalent B f 



B — —t Z' B 



gives the combined diagram 



A ■ 



f 



■ B ► Z' « B 



where i\ and 12 are elementary equivalences in SCJlo- We canonicalize this 
diagram by taking the push out 



\ «2 



A ■ 



f 



B 



Z' ±- 



B> 



where all four maps in the center square are elementary equivalences. It is 
easy to see that 



A ® ao „ TZ = Ai 



S 



which proves our claim 
3. The final case to be considered is that of replacing our original morphism 



A ■ 



-> Z+- 



B 



one equivalent to it in the localized category 971. By 3.21, it suffices to consider 
an arbitrary elementary homotopy (3.2C). This will fit into a diagram 



A 



/' 



B 



Z' 



where l and u 1 are both elementary equivalences and the morphism v may go 
up or down (without loss of generality, we assume it points down) . We claim 
that the morphism v must be a homology equivalence. This follows from the 
fact that l and 1! are elementary equivalences (hence homology equivalences) . 

It is not hard to see that v induces a morphism in 9Jt that is a homology 
equivalence 

Itgiv.A <g) QO f TZ -» A <E> aof/ TZ' 



Now corollary |3.28| implies that 

A ® QO / TZ = A ® a0 f> TZ' 

as objects in 971. 
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Theorem 7.4. Let 



(7.1) 



A >B 



C^D 



be a commutative square of morphisms in 9Jt. Then there exists an induced morph- 
ism 

s:F{u) -» F(v) 



that makes 
(7.2) 



F(u) -^->F(v) 



A ■ 



commute, whe re the vertical maps are canonical projections. If the horizontal mor- 
phisms in 7.1 are equivalences, then so is s. 



Remark 7.5. Note that the morphisms in 7.1 are only morphisms in the localized 
category, 9Jt — and the square only commutes in this category. If we replace the 
morphisms by underlying chain-maps, the square only commutes up to a chain- 
homotopy. 



Proof. First replace 7.1 by canonical representations in terms of morphisms in the 



nonlocalized category SHq. We get the somewhat gory diagram 



A ► Z x i B 



Ti 



T 2 



C — Z 2 4- D 



where 

1. all maps are morphisms in WIq. 

2. the maps i\, %i, ji, and j% are elementary equivalences in 9Jlo. 

68 



Justin R. Smith 



OPERADS AND ALGEBRAIC HOMOTOPY 



In order to put the composites v o f and g o u into canonical form (to make use of 
the diagram's commutativity) we add the push outs 




where e\ and e 2 are elementary equivalences. 

The homotopy fiber of v o / is A ®Qod 2 of J-R2 and the ho moto py fiber of g o u is 
A ® a odiou TR\. Th e commutativity of the original diagram 7_A (as morphisms in 
implies (by 7.3 ) that these homotopy fibers are equal in 9JI. Choose a specific 
equivalence 



The morphism 
is the composite 

VVaoc^i ou 



k: A (8>aodiou TR\ — > A ® ao d 2 of TR\ 
s:F(u) -> 



-s- A< 



f01 



> ^1 (8>cto<2 2 ^-^2 



where 

1. the single vertical map, i\ ®e-z, is always an elementary equivalence in 9Jto 

2. all other maps, except for k, are morphisms in Tlo 

3. fc is an equivalence in the localized category 3Jt 



This clearly defines a morphism in the localize d cat egory, 9Jt that makes 7.2. If the 
horizontal morphisms in our original diagram, |7.l| , were equivalences, then d\ and 
f will be equivalences, and so will our morphism s: F(u) — > F(v). 

□ 



8. Geometricity 

8.1. Definitions. Since we are working with simplicial sets, it will be necessary to 
recall some basic constructs. 

Definition 8.1. Let B and F be simplicial sets and let A be a simplicial group 
acting on F. Let £: B n — » F n -i be a twisting function satisfying the identities: 
£(F n b) • F„_if(6) = £(Fn-i&); £(Ai6) = the unit of A„ if 6 e B„. We define 
5 x^ F, as follows: 

1. as a simplicial set it is the cartesian product B x F; 
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2. The face operators are given by Fi(b, f) — (Fib, F^f), < i, where b 6 B n , 
f G F n ; 

3. F (bJ) = (F b,ab)-Fof); 

4. the degeneracy operators are defined as in the cartesian product. 

Remark 8.2. Twisted cartesian products are fibrations in the context of simplicial 
sets — see jnj. 

Next, we recall a familiar simplicial definition of the loop space 

Definition 8.3. Let A be a pointed, simply-connected, 2-reduced simplicial set. 
The Kan loop-group functor of A is a simplicial group flX defined as follows: 

ttX n is the free group generated by the simplices of X n+ i subject to the relation 
Dq X x = 1 for any x e A n+ i 

1. F$ x x = [F x x)- 1 {F^x) for x £ X n+1 . 

2. Fp x x = F^x for x E X n+X and i > 0. 

3. Df x x = D x +1 x for x € X n+1 and i > 0. 

In , Kan proved that the geometric realization of SIX is homotopy equivalent 
to the loop space of A. 

Definition 8.4. Let T]:X^> flX be the twisting function that sends x £ A„ to 
x G £1A„_i. It is not hard to see that the twisted Cartesian product A x v fiA is 
contractible. This is called the canonical acyclic twisted Cartesian product of A. 

8.2. Homotopy fibers. Now we will show that the m-structure on the cobar con- 
struction (computed in § 0) is geometrically valid, in the that it is equivalent to the 
natural m-structure on the loop space. This result simplifies (and corrects) a proof 
given in |2(J . In in more generality, we will compute m-structures on the homotopy 
fibers of maps. 
Let 

g:X^Y 

be a map of pointed, simply-connected, 2-reduced simplicial sets. The homotopy 
fiber of this map is defined to be 

F(g) = X x rpg QY 

We can form the twisted Cartesian product of F(g) with Y — we use the canonical 
contractible twisting function sending Y to pt x £1Y (where pt is the basepoint of 
X). It has the property that there exists a map 

(8.1) c:X ^Y x v , (X x^gflY) 

with the following properties: 

1. The map c is a homotopy equivalence 

2. The diagram 

Y x v > (X x vog QY) 




A >Y 

commutes, where 

p:Y x n , (A x vog QY) — > Y 
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as an ni- 



ls the projection of the fibration. 
Theorem 8.5. Let 

be a map of pointed, simply-connected, 2-reduced simplicial sets and let 

/:J(6)-6 

be the operad morphism described in 6.1^ . Now regard G(X x gori QY) 
coalgebra over the operad J{&) via composition with the map f . In addition, regard 
J-G(X) as an m-coalgebra over J(&) via projection to the base 

J{m) -> L(9t) 

so that we can set 

G(X) ® Qoe(g) FG{Y) = e(X) ® Q TG(X) ®^ e(x) TG(Y) 

making the left hand side an m-coalgebra over J(d\). Then there exists an m- 
coalgebra, V(g), over J(9t) that is functorial with respect to mappings, and natural 
elementary equivalences 

G(X x gov QY) -» V(g) <- e(X) ® Qoe(g) TG{Y) 

Consequently, G(X) ® ao e(g) FG{Y) is equal to the homotopy fiber in SOT. 

Proof. Let 

(8.2) l: X x g011 QY -> Y x rf (X x goj) QY) 

be inclusion of the fiber and consider the commutative diagram of spaces 

X^Fx,, (X x vog QY) 



Y 



Y 



where: 

1. both rows are hom otopy equivalences 

2. c is the map in |8.l| 

3. p: Y x v > (X x gov QY) — > Y is the projection of the fibration to its base 
This gives a commutative diagram of m-coalgebras, where all maps are defined in 
the category 9Jl and the horizontal maps are homology equivalences: 



e(x)^ 

e(ff) 

eon 

Now we take canonical acyclic twisted tensor products the copies of Y in the lower 
row by J-G(Y) and pull them back to the upper row to get a commutative diagram 

G(X) ® QOg TG{Y) G(Y x„; (X x vog QY)) ® QOp TG{Y) 



>e(r x ri , (x x vog qy)) 

e( P ) 

e(Y) 



G(Y) ® a TG{Y) 



e(p)®i 
G(Y) ® Q TG{Y) 
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where all maps are morphisms in 9Jlo- As before, both rows are homology equiva- 
lences. We will mainly be interested in the upper row. 

Since the twisting cochain aop vanishes on the image of 

e(t): g(x x vog ny) -> e(y *„' (x x vog ny)) 

(inclusion of the fiber), it follows that C(t) gives rise to a chain-map 

z-. e(x x vog siY) -> e(y x v (x x vog oy)) ® Qop ^e(r) 

sending x € C(A x r)os f2Y) to 

e(0(i) ®iee(y (a x, )05 oy)) ® QOp ^e(Y) 

The lifting lemma ( |6.21 ) implies that z is a morphism in DJlo, i.e., it preserves 
m-structures exactly. 

Claim. The map z is a homology equivalence. 

There are several ways to see this. Since we have established that z preserves 
m-structures, we can forget about them and convert C(Y x v > (X x, log flY)) into 
multiple twisted tensor products, using the twisted Eilenberg-Zilber theorem in j9|. 
This will give a commutative diagram of chain-maps (not preserving m-structures) 

e(X x vog flY) — e(Y x, r (X x vog QY)) ® aop TQ{Y) 



(e(Y gy/ e(x x vog tiY)) ® aop re(Y) 

and noting that we can "rearrange" the twisted tensor products on the bottom term 
to get 

e(Y) ® a j 7 g(y) ® v n e(x x„ og ny) 

and noting that this is a twisted tensor product over an acyclic base, so that inclu- 
sion of the fiber (which r o z is) induces homology isomorphisms. 

□ 

We can immediately conclude that our m-structure on the cobar construction is 
geometrically valid: 

Corollary 8.6. Let X be a pointed, simply- connected, 2-reduced simplicial set and 
let 

/:J(6)-»6 

be the operad morphism described in \6.1<\ Now regard C(JXX') as an m-coalgebra 
over J{&) via composition of its structure map with f. In addition, regard J 7 G(X) 
as an m-coalgebra over J{&) via projection to the base 

J(9t) -> L(9t) 

TTien C(OX) and^-"C(A) are equivalent objects in DJl, via natural elementary equiv- 
alences 

e(nx) -> g(a) <- ^e(x) 
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Remark 8.7. The underlying map of this equivalence is very complex but it and 
G(X) are natural with respect to simplicial maps. 

Besides being much more lengthy than the present proof, the proof of this result 
given in [^o| is incorrect. It relied on forming the bar construction of 6(G) where 
G is a simplicial group. Unfortunately, the product operation of C(G) does not 
preserve m-structures (because it incorporates Eilenberg-Zilber maps) so that the 
bar construction has no well-defined m-structure. 

Proof. This follows from |8.5| by making X equal the basepoint of Y . □ 



9. An equivalence of categories 
9.1. Cellular m-coalgebras. 

Definition 9.1. Let G be an m-coalgebra with structure map 

/: U -» CoEnd(G) 

where U is some -Eoo-operad. Then C will be called strictly cellular if there exist 
morphisms of -Eoo-operads: 

making Sk,n k an m-coalgebra over U, where Sk,n k is the canonical m-coalgebra 
of the singular complex of a wedge of spheres (see 4.2 on page 30 of and 
isomorphisms of m-coalgebras 



ys*- A i ))-<?(*- 1) 



such that 



c(k) = e(Ad\J D k h)\Jc(k-i) 

\*=1 / h 

for all k > 0, where A(*) is the singular complex functor. Here, C(k) denotes the 
/c-skeleton of G and the D k are disks whose boundaries are the S* _1 . 

We define the union over /, in this case, to be the push out of the diagram 

S k ,n k C{k - 1) 

ik 

V?=i Dk 

We will call an m-coalgebra cellular if it is equivalent (in 971) to a strictly cellular 
m-coalgebra. 



Remark 9.2. Note that cellularity requires the m-structure of an m-coalgebra to be 
an iterated extension of m-structures of spheres. 

Clearly, the canonical m-coalgebra of any CW-complex is cellular. The converse 
also turns out to be true — see |9~g| . 
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9.2. Morphisms. 

Lemma 9.3. In this section, we will prove the main results involving the topological 
realization of m-coalgebras and morphisms. 

Let X and Y be pointed, simply connected, 2-reduced simplicial sets, and let 

f-\X\^\Y\ 

be a map of topological realizations. Then f induces a morphism 

e(/):e(x)->e(y) 

in 071. nomotopic maps of the topological realizations induce the same morphism. 

Remark 9.4. Let i x : C(X) -> <2(A(X)) and iy. G(Y) -> e(A(F)) be the elementary 
equivalences defined in 3.29| . Now define 



e(/)= e(x) e(A(/))OTX ) C (A(y)) <— — e(y) 

Proof. This follows immediately from the equivalence of homotopy theories of 
pointed, 2-reduced, simplicial sets and pointed simply connected spaces — by 
the adjoint functors A(*) (2-reduced singular complex) and | * | (topological 
realization). See [|l6| for details. □ 

We begin with a proof that equivalences of topologically realizable m-coalgebras 
are topologically realizable. 

Theorem 9.5. Let X\ and X2 be pointed, simply- connected, 2-reduced simplicial 
sets, with associated canonical m-coalgebras, G(Xi), i = 1,2. 

In addition, suppose there exists an equivalence of m-coalgebras 

f-.e(x 1 )^e(x 2 ) 

in the localized category, 071 

Then there exists a map of topological realizations 



f-\Xl\ -> 1*2 I 

making: 

(9.1) e(x x ) — f - — >e(A 2 ) 



e(A(xo)— r ->e(A(x a )) 

commute in 071, where A(*) is i/ie 2-reduced singular complex and the downward 
maps are induced by the inclusions. Consequently, any equivalence in 071 of topo- 
logically realizable m-coalgebras is topologically realizable. 



Remark 9.6. We work in the simplicial category because the functors C(*) were 
originally defined over it. 
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Proof. The hypothesis implies that the chain-complexes are chain-homotopy equiv- 
alent, hence that the Xi, i = 1,2, have the same homology. This implies that the 
lowest-dimensional nonvanishing homology groups — say M in dimension k — are 
isomorphic. We get a diagram of morphisms in 9Jto 

(9.2) e(Xi)— - — >z< — —e(x 2 ) 



e(ci) 



e( C2 ) 



G(K(M, k)) > C(K(M, k)) 

Where 

1. The maps {C(ci)}, i = 1,2, are induced by geometric classifying maps; 

2. horizontal maps are equivalences in 971; 

Claim. Without loss of generality, we may assume that this diagram commutes 
in the localized category, 97t. Note that, on the chain-level, this means that the 
diagram is only homotopy-commutative. 

This claim follows from: 

1. we can make the diagram commute exactly if we replace Xi and X 2 by the 
associated , 2-reduced singular simplicial sets, A(Xi). This is because the 
obstruction to altering the maps C(ci) vanishes above dimension k. 

2. of the singular complexes is canonically equivalent, in 9Jt, to C(*) of the 



originals simplicial sets, by 3.29 



Theorem [7,4| implies that there exists an equivalence in 9Jt 

/: e(x x ) ® Qoe(ffl) re(K(M, k)) -> e(x 2 ) ® Qoe(ffl) fg(k(m, k)) 

such that the following diagram commutes: 

(9.3) e(X 1 ) ® Qoe(5l) TQ{K{M, k)) — L> e(X 2 ) ® Qoe(5l) TQ{K{M, k)) 

e(x x ) > e(x 2 ) 

Now, theorem |8.5| implies equivalences in 9JI 

C(A 4 x aogi QK(M,k)) -> e(Xi) ® QO e (ffl ) TG{K(M,k)) 

for i = 1, 2 

We conclude that there is an equivalence 

F:Q{X l x &ogi QK(M, k)) G(X 2 x &og2 QK(M,k)) 

where f2(*) denotes the loop space functor and a: K{M, k) — > £1K(M, k) is the 
canonical twisting function (defining a fibration as twisted Cartesian product — 
see @). 

In addition, the commutativity of ^ implies that 

f*^ 2 )=fiieH k+1 (X 1 ,M) 

where [i\ and \i 2 are the ^-invariants of the fibrations X\ x„ OJ1 ilK(M,k) and 
X-2 Xaoj 2 ^lK{M,k), respectively. 
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Since the X, Xj OJi £lK(M,k) are homotopy fibers of the gi maps for i = 1,2, 
respectively, we conclude that the second stage of the Postnikov towers of X\ and 
X 2 are equivalent. 

A straightforward induction implies that all finite stages of the Postnikov tower 
of Xi are equivalent to corresponding finite stages of the Postnikov tower of X 2 . 
We ultimately get the following commutative diagram in 9Jt: 



(9.4) 



e(Pi) 

e(pi) 

e(x 1 ) 



f 



-> e(p 2 ) 

e(p2) 

■■> e(x 2 ) 



Passing to topological realizations gives us a homotopy commutative diagram of 
spaces 

(9-5) |Pr| >|P 2 | 



pi 



P2 



/' 



where: 

1. the Pi are the Postnikov towers 

2. Pii-P; — > are the canonical projections (homotopy equivalences) 

3. f':\X\\ — > |A 2 | is a map inserted into the diagram to make it homotopy- 
commutative. 



By lemma 9^, diagram 9J3 induces a diagram that commutes in 9JI: 

(9.6) e(A(p 1 )) >e(A(p 2 )) 



e(A( Pl )) 



e(A)( P2 )) 



e(A(x x )) > e(A(x a )) 



Combining diagram 9^ with ^6| (and invoking |9~3[ ) give the following commu- 
tative diagram in QJl 

/ 



(9.7) 



->e(x 2 )) 



e(A(Xi)) -— > e(A(x 2 )) 

where ij-.G(Xj) — > C(A(X,)), j = 1,2 are the elementary equivalences induced by 
the canonical inclusions. This proves the result. 

□ 

Next, we prove that arbitrary morphisms in Wl are topologically realizable. 

Theorem 9.7. Let X\ and A 2 be pointed, simply- connected, locally-finite, 

semisimplicial sets complexes, with associated canonical m-coalgebras, G(Xi), 
i = 1,2. 
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In addition, suppose there exists a morphism in the category 9Jt (see 3.1(\ ): 

Then there exists a map of topological realizations 

f:\Xil -> \X 2 \ 

making 



^e(x 2 ) 



(9.8) e(Xi) 



e(A(x x )) -j+ e(A(x 2 )) 

commute in 9Jt, where A(*) is i/ie 2-reduced singular complex and the downward 
maps are induced by the inclusions. 

Consequently, any morphism of m-coalgebras is topologically realizable up to 
lence in 9Jt. 



Proof. We prove this result by an inductive argument somewhat different from that 



used in theorem 9.5 



We build a sequence of fibrations 



F 



Xo 



over X 2 in such a way that 

1. the morphism /: C(Xi) 
diagrams 



G(X 2 ) lifts to C(-Fi) — i.e., we have commutative 




e(Xi) 



For alH > 0, Fi will be a fibration over J^-i with fiber a suitable Eilenberg- 
MacLane space. 
2. The map fi is i-connected in homology. 

If the morphism / were geometric, we would be building its Postnikov tower. 

Assuming that this inductive procedure can be carried out, we note that it forms 
a convergent sequence of fibrations (see piJl , chapter 8, § 3). This implies that we 
may pass to the inverse limit and get a commutative diagram 
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where / go is a morphism of m-coalgebras that is a homology equivalence. Now 
Lemma 3.4C implies that foe is an equivalence of m-coalgebras, and 9.5 implies 
that it is topological^ realizable. 

It follows that we get a (geometric) map 

foe • Ai ► Fqq 

and the composite of this with the projection p^: — > X2 is a topological real- 
ization of the origin al m ap /: C(Ai) — > Cp^). The commutativity of diagram 9J 



follows from that of 9.1 



It only remains to verify the inductive step: 

Suppose we are in the k th iteration of this inductive procedure. Then the map- 
ping cone, A(f) is acyclic below dimension k. Suppose that H k (A(f k )) = M, Then 
we get a long exact sequence in cohomology: 



(9.9) 



H k+1 (Xx, M) -+ H k (A(f k ),M) = Hom z (M, M) 



H k (F k ,M) -> H k (X u M) -> 



Let n e H k (F k ,M) be the image of 1 M 6 H k (A(f k ),M) = Hom z (M,M) and 
consider the map 

h^.X 2 ^ K{M,k) 
classified by /i. We pull back the contractible fibration 

K(M,k) x a QK[M, k) 
over hfj, (or form the homotopy fiber of to get a fibration 

F k+1 =F k Xaoh„ QK(M,k) 



G(F k+ i) in such a 



where, as before, 0(*) represents the loop space. 

Claim: The morphism f k lifts to a morphism fk+i' G(Xi) 
way that the following diagram commutes: 

e(A 1 )^>e(F fc+1 ) 



e(F k ) 



where p' k+1 : F k+ i — > F k is that fibration's projection map. 

Proof of Claim: We begin by theorem to conclude the existence of a 
commutative diagram: 




(9.10) 



G(F k x ao/v ilK(M, k)) U e{F k ) ® aoK TQ(K(M, k)) 



Pk+i 



e(F fc ) 



where e is an m-coalgebra equivalence. 

If we pull back this twisted tensor product over the map f k , we get a trivial 
twisted tensor product (i.e., an untwisted tensor product), because the image of 
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f*(fi) = G H k (X 1: M), by the exactness of The Lifting Lemma ( |6.2l| ) 

implies the existence of a morphism 

(9.ii) e(x x ) -> e(Xi) g) i c e(jfi) ® tg(k(m, k)) 

^Q{F k )® aoK TQ(K{M, k)) 
The composition of this map with e in |9.10 is the required map 



e(Xi) -> e(F fe+1 ) 

To see that Hk(A(fk+i)) — 0, note that: 

1, fiE H k {F k ,M) = H k {e(F k ),M) is the pullback of the class in H k (A(f k ),M) 
inducing a homology isomorphism 

fi:H k (A(fk)) —> H k (K(M,k)) 

(by abuse of notation, we identify fi with a cochain) or 

fi:H k (A(f k )) -» H k (e(K(M,k))) 

2. in the stable range, C(F k ) ® ao h M !FC(K(M, k)) is nothing but the algebraic 
mapping cone of the chain-map, fi, above. But the algebraic mapping cone 
of fi clearly has vanishing homology in dimension k since ft induces homology 
isomorphisms. 

The conclusion follows by obstruction theory. 

□ 

Corollary 9.8. An m-coalgebra is topologically realizable if and only if it is cellular 



(see \9.j) 



Remark 9.9. Clearly, topologically realizable m-coalgebras are cellular. 
Now we combine the results above with |3.31 to conclude: 
Theorem 9.10. The functor 

e(*): Homotop -> 9JI+ 

defines an equivalence of categories and homotopy theories (in the sense of 
fill j, where Homotop Q is the homotopy category of pointed, simply- connected 
CW- complexes and continuous maps and 2Jl + C 9Jt is the subcategory of 
topologically realizable m-coalgebras. 

Remark 9.11. Recall that, in |[u|, Quillen defined a homotopy theory to a homo- 
topy category augmented with a loop-space and suspension functor. These addi- 
tional structures are necessary to carry out many of the standard constructions in 
homotopy theory. 

Proof. We have already proved most of this. The statement that it defines an 
equivalence of homotopy theories follows from the fact that it carries suspensions 
of CW-complexes to suspensions of m-coalgebras and loop-spaces to the cobar con- 
struction. □ 
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Corollary 9.12. The restriction of the canonical functor 

f:£ -> Tl 

to topologically realizable objects of £ is full and faithful. Consequently, the functor 

e(*): Homotop n -> £+ 

is an equivalence of categories, where £ + C £ is the subcategory of topologically 
realizable m-coalgebras over &. 

Remark 9.13. This result implies that the category £ encapsulates homotopy the- 
ory to the same extent as the category 971. In other words, to study homotopy 
types, it suffices to consider coalgebras over the operad 6 — one never needs to 
go to other i^oo-operads. We only considered these more complex operads because 
the bar and cobar constructions seemed to require them. 

I conjecture our definitions of the bar and cobar constructions can be reworked 
so that one remains in the category £. 

Proof. Suppose X and Y are semi-simplicial sets such that C(X),C(Y) G £ be- 
come equivalent when regarded as objects of 9Jt. Then there exists a homotopy 
equivalence 

1*1-1*1 

which induces a homology equivalence 

e(A(x)) -> e(A(Y)) 

where A(X) and A(Y) are the singular complexes of X and Y, respectively. The 
conclusion follows from the fact that the inclusions 

e(x) -> e(A(x)) 
e(Y) -» e(A(Y)) 



are equivalences in £ — see |3.29| . Given any morphism in 9JI 

/:6(X)^e(Y) 
we know that there exists a geometric map 

1*1 - 1*1 

realizing it. But this implies the existence of a corresponding morphism of singular 
complexes and a morphism in £. □ 

In the previous results' proof we used intermediaries that are (almost always) un- 
countably generated to encapsulate homotopy theory. It is interesting to note that 
this is not necessary when one restricts oneself to finite semi-simplicial sets. 



Recall the definition of 3o in 3^3 and the inclusion functor 

So C £ 

inducing a functor of localizations 

i:S^£ 

It is not clear that this functor is faithful. Our main result will be that its 
restriction to topologically realizable m-coalgebras is faithful. 
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Recall the well-known fact that the category of finite semi-simplicial sets is equiv- 
alent to that of finite simplicial sets — semi-simplicial sets whose simplices are all 
non- degenerate. 

We recall the important notion of barycentric subdivision: 

Definition 9.14. If A is a simplicial set and p is a point (not contained in X) 
let 8(X,p) denote the cone on X with apex p. This is functorial with respect to 
morphisms of pairs (X,p). 

Inductively define a functor &(*) on simplices via: 

1. If a is a 0-simplex, b(a) = a. 

2. If a n is an n-simplex, b(a n ) — 8(b(da n ), (3a-), where /3 CT is a point disjoint from 
X and, as the notation implies, depending on a. 

This extends to a functor b(*) on simplicial sets, called barycentric subdivision. 



Remark 9.15. It is well-known that there exists a piecewise-linear homeomorphism 



\b(X)\ -» \X 



sending j3 a to the (geome tric) barycenter of a for all a € X. This implies that 
6(A) = G(b(X)) in £, by |9.12j . Our main result will be that, if X is finite, then 
this equivalence also holds in 



We need the following: 



Lemma 9.16. There exists a functor Z(*) on the category of simplicial sets such 
that there exist functorial inclusions 



(9.12) X C Z{X) 

(9.13) b(X) C Z(X) 

that are both homology equivalences. 

Proof. In fact \X\ will be a strong deformation retract of Z{X) via a functorial 
retraction, and the inclusion of |6(A)| C |^(A")| will be a homotopy equivalence. 
We define Z(*) inductively on simplices via: 

1. If a is a 0-simplex, Z(a) = 5(a,p a ), where p a is some point disjoint from a 
and depending on a. Note that Z{a) = a X I. 

2. If a is an n-simplex, define Z(a) — 5 (all Z(da),p a ), where p a is some point 
disjoint from a U Z(da) — and depending on a. 



The following diagram illustrates this construction: 
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S(o'p ,) 




where the shaded area (a 2 ) was in X. 

It is easy to see that this construction is functorial with respect to inclusions 
of faces so it extends to a functor on the category of simplicial sets. For every 
simplicial set X there exists a canonical inclusion X C Z(X) and a set of O-simplices 
p* C Z(X) indexed by the s implices of X. 

It is also trivial (see 9,14 ) to see that the inclusion |9.13] exists and is functorial. 

We claim that there exists a functorial retraction 

r x :\Z(X)\^\X\ 

making \X\ a strong deformation retract of \Z(X)\. Simply define rx to be the 
unique piecewise-linear map fixing \X\ C |Z(X)| and sending p a to the barycenter 
of \a\ for all a 6 X. The restriction of this map to |&(AT)| C |^(AT)| coincides with 
the well-known homeomorphism 1 6(J 5 C) | — > \X\. It follows that the inclusions 9.12 
and 9.13 both induce homology isomorphisms. □ 



Corollary 9.17. If X is a finite, pointed, simply- connected simplicial set, then 
G(X) and G(b(X)) define the same element of$. 

Now we can appeal to the well-known simplicial approximation theorem to conclude 
that: 

Proposition 9.18. Let X and Y be finite, pointed, simply- connected simplicial 
sets and let 

f-\X\^\Y\ 

be a map. Then there exists a well-defined induced morphism 

/„:epo->e(Y) 

in the category $ depending on the homotopy class of f. This morphism is an 
equivalence if and only if f was a homotopy equivalence. 
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Proof. The simplicial approximation theorem says that there exist integers n, m > 
and a simplicial map 

g:b n (X)^b m (Y) 

such that 

\g\-m^\Y\ 

is homotopic to / — where we have identified |A| with \b n (X)\ and |Y| with |6 m (y)|, 
respectively, via the well know homeomorphisms between them. To see that this 
induced map only depends on the homotopy class of /, apply this argument to 
X x I and Y. □ 

Corollary 9.19. Let & denote the homotopy category of finite, pointed, simply- 
connected simplicial sets. Then the functor C(*) defines an equivalence of categories 

C(*): 

where 3 + C 3 is the sub-category of topologically realizable, finitely-generated m- 
coalgebras over &. 

We may state our main result in non-categorical terms: 

Corollary 9.20. Let X andY be pointed, simply- connected semisimplicial sets and 
let 

f:C(X)^C(Y) 

be a chain-map between canonical chain- complexes. Then f is topologically re- 
alizable if and only if there exists an m-coalgebra C over & and a factorization 

f = f/3 ° fa 

e(*,)^^c=*e(x 2 ) 

where f a is a morphism of m-coalgebras, l is an elementary equivalence — an 
injection of m-coalgebras with acyclic, 2,-free cokernel — and fp is a chain map 
that is a left inverse to l. If X and Y are finite, we may require C to be finitely 



Proof. This follows directly from |9,19| and 3.18. □ 



Appendix A. Cobar Duality 



In this appendix, we lay the groundwork for proving 6.12 by defining a dua lity 



morphism between the bar and cobar constructions somewhat like that in |2.22 . 
A.l. Definitions. 

Definition A.l. Let j3i,. .. ,/3fc be k length- n sequences of nonnegative integers, 
and let q = Yli=i Define: 

1. Z{/3i, . . . ,0k} 6 RS q to be the signed shuffle-permutation that shuffles 
the sequence {l,...,q} = ■ ■ ■ ,0i,n, ■ ■ ■ , 0k,i, ■ ■ ■ ,Pk,n} into 

. . . ,/3 fc ,i, . . . ,/3i, n , . . . ,Pk,n}- The sign is just the parity of the 
permutation. 

2. V(j3i, . . . , /3k) to be the corresponding shuffle-map C q C q . 
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Remark A. 2. Note that V(0i, . . . , /3k) is a map of a tensor product of copies of C 
and Z{/3i, . . . ,(3k} is an element of RS q . By definition Z{a} (where a is a single 
sequence of integers) is the identity map. 

The cobar construction is a free DGA-algebra. Its n-fold tensor product T{C) n 
is also a free DGA-algebra with product operation defined by 

ri--T fc =V(/3i,...,/3 fc )(ri<»---<8>r fc ) 

where n G (E^C)* 

Proposition A. 3. Let u(n, k) be the k x n matrix 

/ 1 ... n \ 

n + 1 ... In 

\ n(k- 1) + 1 ... kn J 

let S(n, k) be the sequence that results from transposing u(n, k) and reading off its 
entries from left to right by rows, and let p(n, k) be the permutation that maps 
{1, . . . ,nk} to S(n,k). Then 

Z{p U ...,0k} = T {/3i,i,...,/3i,„,...,/3 fe ,i,...,/3 fe ,„}(PK k )) 

A. 2. The map. We begin by defining the duality map in the case where our operad 
is CoEnd(C) for a chain-complex C. 

Corollary A. 4. The composite 

(A.l) fc = Homz(l, V(/3 1 ,...,/3 k ))oh k l : 

{/3i,-,/3fe} 

(SHom z (C,^(C)")) fc -> Hom z ((E- 1 C) fc ,.F(<7) n ) 
defines an injective morphism of ZS n -chain complexes, where: 

1. ftg: (£Hom z (C, F{C) n )) k -> (SHom z (S- 1 C, T{C) n )) k is the natural iso- 
morphism 

2. The direct sum is taken over all sets of k length-n sequences of nonnegative 
integers, {/3i, . . . , f3 k }. 

3. The summand V{(3\, . . . , f3 k ) is applied to 

(A.2) Hom z (E^C, (E^C)^ 1 ® • • • <g> (E^C)^") 

® Hom z (£ _1 C, (E^C)^ 2 - 1 <g> • • • O (S" 1 C)' 32 '") 

® Hom z (E -1 ^ (E- 1 ^)^- 1 ® ■ ■ ■ (8 (E^C)^") 

C £Hom z (C,.F(<7) n ) 

4. S„ acis on 6o£/i sides 6?/ permuting factors of the rightmost argument of 
Hom z (C, *). 

Proof. This is straightforward: the V maps shuffle the factors of T{C) n into the 
appropriate positions. □ 
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1. At this point, we can try to pull back the differential of 
Hom z ((£ _1 C) fc ) T{C) n ) (induced by Hom z (.F(C), T{C) n ) to 
(SHomz(C,f(C) n )) . As before, this differential is a perturbation of the 
tensor algebra differential, + p. 

2. Since (£Hom z (C, J-(C) n )) k already has the differential of a tensor algebra, we 
need only perturb it by a term corresponding to the dual of p (since it appears 
as the left argument of a Hom z (*, *)-functor). Since p is defined by a coproduct 
(and higher coproducts of C) , the dual corresponds to a product (with higher 
product-operations). We must, consequently, define an Aoo -algebra structure 
on 0(SHom z (C, T{C) n )) k — or Z„(CoEnd(C)). 

We must, consequently, consider: 

Proposition A. 5. It is possible to define a set {/^} of product-operations on 
Hom z (C, F(C) n ) that make the following diagram commute: 



h 



(A.3) t t 1 SHom z (C,(S- 1 (7)ft) " Pl '"" 0k ) Hom z ((S- 1 C) fc , ^(C)") 

Jfc HoroJ((5 fc ,l) 
i i 

Hom z (C*,(S- 1 C) Q ) ^Hom z (E- 1 C7,J c "(C*)™) 



where 

1. hp u ... A = Hom z (l, V(Pi, (3k)) o hi 

2. h a = Hom z (l, V(a)) o hi = hi 

3. {Si} are the higher coproducts from the Aaj-coalgebra structure of C. 



Remark A. 6. The {hp lt ,„ t /3 h } are just restrictions of the h-m&p defined in A. 4 to 
various summands of (g) SHom z (C, JT(C) n ). 

Proof. This follows from the fact that the term Hom z ((5i, 1) is expressible in terms of 
the composition operations in CoEnd(C), so it pulls back to EHom z (C, (S~ 1 C) a ). 

□ 



Now we formulate a definition of t he {u ,j} for an arbitrary operad, rather than just 
CoEnd(C). This is a variation on 2.49| : 



Definition A. 7. Given any operad ?t, we can define a morphism of Z-modules 



t„:9t„ End(Z n (9t)) 

as follows: 
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The adjoint, t* , is the composite 



(A.4) 



I 

% <8> 91^ 8) • • • <g> 
L 
I 

SR^ 8> • • • <8> ® 9\ k 

-1- 

r 1 ! 

l^Z{f) u ...,0 k } 

■V 



(see |A.l|) where 

defines the operad structure of 9\ (see 2.9), 

T: fRk ® £Ht! ® • • • ® JJtij -» SJli! 



9li fc ® 9^fc — * StiiH hi 



is the map that permutes the factors, and a = J2i=i 0i with the summation of 
sequences taken elementwise. Here the {0i} are k length-n sequences of nonnegative 
integers. 

Proposit ion A. 8. If 91 = CoEnd(C), the maps tk defined in \A.1{ and the fi-maps 
defined in A. 5 satisfy the equation 

Mfc = t T °*fc° |:(SHom z (C7,^(C)™) fc ^Hom z ((S- 1 C) fe ,^(C)") 

k times 

Proof. This follows from: □ 



1. The i-maps in |A,7| are a direct translation of [A,5| into operad-compositions. 

2. In diagram AJ3, the maps Homz(l, V(0i, ■ ■ ■ ,0k)) an d Homz(5i,l) 
can be permuted — i.e. H.omz(<$j, 1) o Homz(l, V(0i, . . . ,0k)) — 
Homz(l, V(0!, . . . , k )) o Homz^, 1). 

This means that we can apply the map Homz(l, V(0i, . . . , 0k)) last — and 
its translation into operad-compositions is precisely Z{0i, . . . ,0k}- 



Appendix B. Compositions 



Now we are in a position to define com posit ion operations on B(Z n (9\)) and 
Y n (9i)ic Pn B(Z n (9X)) that make the maps in 
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On the summand (£Hom z (C, T{C) n ) a ® (£Hom z (C, F(C) n f , we define o 4 via 
Hom z (l, V(~fi, . . . 

i ln-\-m—l ) ° 

Hom z (l, V(ai, a n j) o, Hom z (l, V(/3i, f3 m )) 

where 7 = {71, . . . , 7„+ m -i} res ults from combining the sequences a and j3 suitably. 
We illustrate this with diagram |B.l| . Suppose we are trying to form the composite 

a Oj b 

where 

3 

ae(g) £Hom z (C, (E _1 C a ') = A 
1=1 

a = {oti, . . . ,aj} consists of j length-n sequences of nonnegative integers and 

fc 

b G (^) SHomz(C, (Y 1 ~ 1 C f3t ) = B 
t=i 

(3 = {Pi,.. - ,/3k} is k length-m sequences of integers. Observe that (as in figure 

1. We may regard a and b as maps 



a: (E^Cy -^0(S- X (7)^ 
t=\ 

and 

k 

b: (E- 1 C) fe -» (g)(S- 1 C) A 
t=i 

respectively. 

2. In the mapping to Hom z (^ r (C), (^"(C))"), the z th column of the diagram 
corresponds to the z th copy of T(C) in the r«<?/i£ argument of Hom z (*, *) — 
and that the t th row of the diagram corresponds to the t th copy of S _1 C C 
T{C) in the left argument. 

Consequently, the composite a o.j b is only nonzero if j = 

Given these considerations, we consider what the composition does. We insert 
the rows of the target of a into the rows of the target of b. There is one final 
subtlety to this, however: we want to insert copies of F{C) from the target of a 
into column i of the target of b. This means we must shuffle the copies of S _1 C in 
the target of a before inserting them into the target of b — see figure |B.2| . 

As before, we formulate this in terms that are well-defined for any operad: 

Definition B.l. Let 91 be an operad and define composition-operations on direct 
summands of B(Z*(y\) as follows: 

1. let a = {aii, ■ ■■ ,aj} be a sequence of j length-rt sequences of nonnegative 
integers, and let a = [ri| . . . \rj] s B{Z n {%\)) with r v € T,~^ av ^9\ av 

2. let (3 = {Pi,..., /3k} be a sequence of k length-m sequences of integers and 
let b = [si\ . . . \s k ] e B(Z m (m) with s w £ £-1^1 9^. 
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i th column 
corresponds to the 
i th copy of T(C) 
in target, f{C) m 



(E- 1 C)' 3 



(E^C)" 1 



E^C 



> j times 



(T,~ 1 C) a ^ 1 (g) • • • <8> (E _1 C) a ^n E^C 

Figure B.l. Forming the composition a Oj 6 in SZ„(CoEnd(C)) 



Then o Oi b is nonzero oraZj/ if j — £ t=1 0t,i, m which case 

ao i b = S[r' 1 \...\r' k } 

where 

r t- v \\ r t ,i+l3 t ,i-l)°0t,i+/3t,i-l 

and: 

1.5= (-1)^, where A = E^iKI and B = £™ i A,, 

2. /3t,i = £l=i /3t,„ and /3 M = £* =1 

3. V =l A Z{Xi, . . . , X/3 t where the {A M } are /?t,i length-n sequences of inte- 
gers defined by X UiV = a^ t i+u _^ v 



Remark B.2. These compositions represent a direct translation of figure [B.2| into 
formal composition operations. For instance, 

1. (3t.i counts the number of copies of E _1 C that precedes the t th column (where 
the maps defining a get inserted). 

2. p Vt i is the number of copies of E _1 C that are applied to the v th row of the 
map defining b, which means that 
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(E-iC^M-i $ (S- 1 C) ft '' <g> (E- 1 C)' 3 *.'+ 1 



(S -1 ^?)^*'*- 1 (g) <| : ^ <g> (E _1 C) /3t ' I+1 
E^C 



(S- 1 C) Q ' 5 '.' + ' 3 * > '- 1 - 1 

—®1®V'®1 

(E-iC)^'.*^.*- 1 ' 1 



(S-iC) a A.*"" 



Figure B.2. Forming the composition a Oj & in 6Z„(CoEnd(C)) (continued) 

3. /3t,i is the number of the /irs£ factor of S _1 C in the map defining a that is 
available to be applied to the t th row of the map defining b (in other words, it 
totals the number of copies of S _1 C that were "used up" by rows 1 through 
t-1). 

As such, these compositions define the operad structure of CoEnd(J r C) in terms of 
the operad structure of CoEnd(C). 

Proposition B.3. Let C be an m-coalgebra over the E^-operad 9\. In addition, 
let 

f n :B(Z n (m)) ^CoEnd(^C7)„ 
for all n > 1 be the chain-maps induced by the structure map of C. If B(Z n (9\)) is 



equipped with the composition-operations defined in B.l, then 

1. B(Z n (y\)) is an operad 

2. the maps {f n } constitute a morphism of operads 

Proof. T he se cond statement is the easiest to prove — bearing in mind the remark 
following BA. The first statement (that B(Z n (9\)), with these compositions, is an 
operad) requires us to verify the defining identities of an operad in 2.9). 
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We use the hypothesis and 2.5Cl| (and |5,22| ) to conclude that there exists a coal- 



gebra, D, over D\ with an injective structure map 

m -> CoEnd(D) 

It is not hard to see that the induced map 

B{Z n (m) -> CoEnd(JX>) 

will also be injective. Since (by statement 2 in the conclusions) we know that the 
composition-operations of B(Z n (D\) map to those of CoEnd(TD) and since the 
latter satisfy the operad identities, it follows that the former do as well. □ 

Now we will determine corresponding compositions on Y n (y\)-k Pn B{Z n (y\)) to make 



the map g* in 6.12 a morphism of operads. As before, we are guided by the behavior 
of compositions in CoEnd(C ®a TC). Several features of these compositions come 
to mind: 

Let u 6 CoEnd(C ®\ TC) be in the image of 

y*z e y ra (CoEnd(C))* Pn B(Z„(CoEnd(C))) 

Then y = u\C ® 1 C C ®\ TC and z = u\l <8 TC C C ® A TC — since C ® A TC is 
a free JFC-module. 

Given yi,y 2 e y„(CoEnd(C)) and z u z 2 £ B(Z„(CoEnd(C))), let 

(B.l) y*z = (3/1**1) Oj (y 2 *z 2 ) 



Z = Zl Oj z 2 . 



Claim B.4. In equation [B.l , 
Proof. Note that 

(2/1*^) o i (i/ 2 *z 2 )|l®^C = {y 1 +z 1 )o i {y 2 +z 2 \l®TC) 

= (f/l*Zl) Oj 1 ® Z 2 

= 1 <g) (Zl Oj z 2 ) 

since J"C C C ®\ TC so that the factor B(Z n (CoEnd(C))) in 
l^ l (CoEnd(C))-^- Pll S(Z„(CoEnd(C))) is closed under compositions. □ 

Consequently, the only remaining problem is to compute 

y+z\C <g> 1 = (yi*zi) y 2 

since 

y*z = (j/i*Zi) Oj y 2 ■ (zi Oj z 2 ) 

We will compute this on the canonical summands of the factors. Let: 
1-7 = {7i,...,7fe} be a sequence of nonnegative integers and let 
y 2 e S"l 7 ICoEnd(C) {7 j i ... i7 ^ } C F fe (CoEnd(C7)) (recalling the notation 



in = li + 1 and |7| = J2li — see P-7|) 



2. /3 = . . . , /3 r } be a sequence of length- j sequences of nonnegative integers 
(i.e., a two-dimensional array) and let 

r 

zi = [vi\. . . \v r ] 6 0SS-l ft ICoEnd(C , ) /3t c SZj(CoEnd(C)) 
t=i 

3. a = {ai,...,a 3 -} be a sequence of nonnegative integers and let 
y x £ S-l a ICoEnd(C) {Q;i) ... ia / } C Y 3 (CoEnd(C)) 
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i th row 



corresponds to the 
i th copy of C ® x T{C) 
in target, {C® x T{C)) k 



C- 



U®C® X (S^C)" 1 



!J2 




1c; ® 2/1 




2i ® li 



4 (e^c)^ 



C7 A (E- 1 C)^)g((E- 1 C)^ 



(£ -1 (7)&* ® V 



shuffle 

£/ ® C (g) A (E- 1 C*) ai+/31 <g> • • • <g> C ®a (E^C^+ft <g> y 



Figure B.3. Forming the composition (yii^zi) Oj y 2 



Then figure |B.3j depicts the maps that enter into (yi~kzi) o x y 2 , where: 

1. Pi = Y^e=i Pr,i — i-e., the summation by columns. 

2. U = 0*^i C ® x {Tr^Gyi* 

3. V = <g> k e=i+1 C ® x (E^C)^ 



Examination of figure B.3 shows that we must have ji — r (so that the copies of 
E _1 C match up with the bars in [v\\ . . . \v r ]). We may write the compositions of 
maps in terms of the composit ion operations of CoEnd(C) and the shuffle permu- 
tation at the bottom of figure B.2 translates into the action of a suitable element 
of a symmetric group. We get 

Proposition B.5. Let 9\ be an operad, let j , k, i, and r be nonnegative integers 
with i < k. In addition, let 

1. 7 = {71, . . . ,7fc} be a sequence of nonnegative integers. 

2. (3 = . . . ,/3 r } be a sequence of length-j sequences of nonnegative integers 
(i.e., a two-dimensional array). 

3. a — {ai, . . . , ctj} be a sequence of nonnegative integers. 
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Define composition-operations 

YiW+pjBiZjQR) o 4 F fe ($K) 

on canonical direct summands 

1. Yi = £-W<K {t4) ..., a , } C Yj(JR) 

2. Zi = [vi\ . . . \v r ] e ®; =1 SS- |/3t| 5H/3 t C BZ^flt) 

3. Y 2 = S-WlH Wi ... )7a C y fc («R) 

• if r ^H then (j/i*Zi) o l y 2 = 

• otherwise 

(2/1*^1)0^2 = j.M+1-rl+E/J. 

° z(T H yi) ^ (f 1 ri) o M+1 • • • o^-.! (T^)<v+-j t' 7 ' 2/2 

w/iere; 

1. M = * + E£i7< 

2. Z = Z{(l,a 1 ,l,a 2 ,---,l,aj),(0,/3i,...,0,/3j)} 

/or aZZ j/i G Yi, Zi S Z\ } and y 2 &Y 2 . Extend these compositions to all of 

YjW+p.BiZjim) 

by setting 

(B.2) (i/l *Zl)* (?/2*Z2) = ((2/1*2:1) o { y 2 ) ■ (zi °i Z 2 ) 

/or a// 2/1)2/2 6 ij(^) a«d z 2 G B(Zj(fR) 
Then the {oi} define the operad structure of 

in £/ie case where 9\ — CoEnd(C). 

Remark B.6. This follows directly from figure |B~3| . We have simply translated 

1. compositions of maps into suitable {o;} operations in CoEnd(C) (counting 
the number of factors of S _1 C to the right of the factor we are interested in 
to determine the value of i) 

2. the shuffle map becomes the action of a suitable shuffle permutation in the 
symmetric group. 

3. The product map in equation [B.2j translates into a shuffle map (therefore the 
action of a shuffle permutation) because TC is a free algebra. 

Note that we do not claim, given an arbitrary operad 9\, that 

equipped with these compositions, constitutes an operad. We only know that it is 
an operad when 9\ — CoEnd(C). 

Theorem B.7. Let C be an m-coalgebra over an Eoo-operad, 9\, and let 

T = Y j (m)+ Pj B(Z j (<R) 

be equipped with the compositions defined in \B.Sj . Then: 

1. The set of chain- complexes T constitute an operad 
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2. the map 



Y,-(<K)* ft 6(Zj(<H) -> CoEnd(C ® A -FC) 



defined in 6.1i is a morphism of operads. 



Proo f. A s before , the second statement is the easy one to prove — it follows direc tly 
from |B.5| . As in R3, the first statement (that T is an operad follows from 2.5C — 
which implies that there exists a coalgebra, D, over $H with an injective structure 
map 

m -» CoEnd(D) 

It is not hard to see that the induced map 

Fj(«R)*p 3 .B(^-(9t) -» CoEnd(D ® A TD) 

will also be injective. This requires a quick check that we have not used any of the 
specific properties of m-coalgebras distinguishing them from arbitrary coalgebras 
over an operad (i.e., the fact that they are concentrated in positive dimensions). 
Since (by statement 2 in the conclusions) we know that the composition-operations 
of Yj(%K)ic Pj B(Zj($P£) map to those of CoEnd(-D(g>A TU) and since the latter satisfy 
the operad identities, it follows that the former do as well. □ 



Proposition B.8. Under 
composition-operations of 



the hypotheses of 



the 



restricted to the canonical summand Yq = £ _ '°'9t{ai,...,a'.} C Yj(%K) with all ag — 
coincide with the composition-operations of 9\j — Yq. 



Proof. Simply set all 7^ = in the formula in B.C. □ 
Appendix C. Concordance between the current notation and that of 



Notation in |2C| 


Current 


formal coalgebras 


non-S operad 


symmetric formal coalgebra 


operad 


f-resolution 


£■00 -operad 


weakly-coherent m-coalgebra 


m-coalgebra 


coherent m-coalgebra 


m-coalgebra over 6 


n) 
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